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Povzetek
Nanofluidika je področje znanosti, ki preučuje dinamiko tekočin na na-
noskali. Zanimanje zanjo v zadnjih letih raste zaradi zanimivih fizikalnih
pojavov na majhnih skalah, kot je na primer hiter pretok tekočin skozi kanale
velikostnega reda nanometra. Razvoj računalniške znanosti in tehnologije
v preteklih letih omogoča učinkovito študiranje materije na nanoskali. V
tej doktorski disertaciji bomo študirali tekočine na nanoskali z uporabo
računalniških simulacij. Disertacija je razdeljena v dva dela. V prvem delu
študiramo tok tekočin mimo in skozi objekte z velikostjo reda nanometra.
V drugem delu pa študiramo ohranitvene enačbe za polimerne verige in
sklopitev fluktuacij gostote in orientacijskega reda.
Široko uporabljen pristop k študiranju tekočin na nanoskali so simula-
cije molekulske dinamike. Simulacije molekulske dinamike so računsko
zahtevne in pogosto zahtevajo uporabo superračunalnikov. Zato v tej dok-
torski tezi uporabimo kontinuumski pristop. Več raziskav je pokazalo, da so
Navier-Stokesove enačbe lahko veljavne vse do nanoskale. Vendar na tako
majhnih skalah, ko razmerje med površino in prostornino ni več majhno,
postane dogajanje na površini pomembno. Zato standardni robni pogoj
brez zdrsa, ki ga uporabimo na makroskali, ni ustrezen. Na nanoskali opa-
zimo zdrs med tekočino in steno na njunem stiku. Za ustrezen opis zdrsa
uporabimo Navierov robni pogoj, ki predpostavi linearno odvisnost strižne
napetosti na stiku med tekočino in steno od relativne hitrosti med tekočino
in steno. Parameter, ki določa Navierov robni pogoj, je zdrsna dolžina. Ta za
ravne stene predstavlja globino, do katere moramo ekstrapolirati hitrostni
profil tekočine, da bo ta enak nič.
Izvajamo simulacije računske dinamike tekočin mimo sferičnih molekul
in skozi ogljikove nanocevke, kjer uporabimo Navierov robni pogoj. Zna-
čilnost toka vode skozi ogljikove nanocevke je velik zdrs. Posledica tega
velikega zdrsa je energijska učinkovitost toka vode skozi nanocevke. Zaradi
energijske učinkovitosti toka vode znotraj ogljikovih nanocevk pridejo do
izraza energijske izgube v okolici koncev nanocevk. Študiramo energijske
izgube v okolici koncev nanocevk in odvisnost teh energijskih izgub od
zdrsne dolžine. Razvijemo model, ki opiše izvor odvisnosti energijskih
izgub od zdrsne dolžine n pravilno napove obstoj optimalne zdrsne dolžine,
kjer je izguba energije najmanjša.
V luči nedavnih odkritij fononskih načinov v ogljikovih nanocevkah pri
toku vode skozi njih in posledičnem povečanju difuzije študiramo vpliv
oscilirajočih sten nanocevk na tok tekočin skozi njih. Da bi ustrezno proučili
vpliv oscilacij na difuzijo, uporabimo fluktuirajočo hidrodinamiko, kjer
v Navier-Stokesove enačbe vključimo termične fluktuacije. Diferencialne
enačbe rešimo za primer toka vode skozi dolgo oscilirajočo nanocevko in
izpeljemo difuzijsko konstanto vode. Dobljena difuzijska konstanta nam
pokaže, da oscilacije sten nanocevk ne vplivajo na difuzijo vode v nanocevki.
V drugem delu teze študiramo ohranitvene zakone polimernih verig. V
talinah polimernih verig so defekti orientacijskega reda in gostote tesno
povezani. Ta povezava je izražena v kontinuitetni enačbi, ki je vektorske
oblike. To predstavlja problem za apolarne verige, ki jim ni mogoče enolično
določiti smeri. V primeru dolgih polimernih verig, ki se prepogibajo, to
predstavlja problem, ker prisotnost pregibom zmanjša polarni red, med-
tem ko se nematski red ohranja. Izvajamo simulacije Monte Carlo talin
polimernih verig v nematični fazi. S simulacijami pokažemo, da z uvedbo
»popravljenega polarnega reda« kontinuitetna enačba velja tudi v prisotno-
sti pregibov polimernih verig. Na koncu raziščemo tenzorski ohranitveni
zakon, ki je osnovan na kvadrupolnem redu. V primeru pregibanj poli-
mernih verig se kvadrupolni red, za razliko od polarnega, ohranja in je
zato tenzorski ohranitveni zakon za apolarne verige primernejši od vektor-
skega. Izvajamo simulacije Monte Carlo talin polimernih verig v izotropni
fazi. V simulacijah odkrijemo prve indikacije fenomenov, ki so posledica
tenzorskega ohranitvenega zakona.
Ključne besede: fulereni, ogljikove nanocevke, taline polimerov, račun-
ska dinamika tekočin, metoda končnih volumnov, delni zdrs, molekulska
dinamika, Monte Carlo
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Abstract
Nanofluidics, a scientific field exploring nanoconfined fluids, has seen
increasing interest in recent years. This interest is in large part due to the
fascinating phenomena that occur at such small scales, such as ultra-efficient
fluid transport through tubes with diameters of the order of nanometers.
The development of computer science and technology in recent years has
also allowed for efficient studies of matter at nanoscale. In this thesis, we
study fluids at nanoscale with the aid of computer simulations. The thesis
is roughly divided into two parts. In the first part, we study fluid flow
past and through objects with sizes of the order of nanometers, and in the
second part, we study conservation equations for polymer chains and the
associated coupling of density and directional fluctuations.
A widely used approach for studying nanoconfined fluids is molecular
dynamics. It is, however, computationally expensive, often mandating the
use of supercomputers. Hence, in this thesis we resort to the use of a contin-
uum approach. Various recent studies have suggested that Navier-Stokes
equations could be valid down to nanometer scale. However, at such small
scales, where the ratio between the surface and bulk volume is not small
anymore, the physics at the surface becomes increasingly important. The
effective no-slip boundary condition, which is the standard boundary condi-
tion at macroscale, is no longer valid. At nanoscale, a slip between the fluid
and the surface is observed. We thus use the Navier boundary condition,
which takes the slip into account by assuming a linear dependence of shear
stress at the surface on the relative velocity between the fluid and the solid
at the interface. The boundary condition is parametrized by the slip length,
which for straight walls represents the depth to which the fluid velocity
profile must be extrapolated to vanish.
We perform computational fluid dynamics simulations, subject to the
Navier boundary condition, past spherical molecules and through carbon
nanotubes. Water flow through carbon nanotubes is subjected to significant
slip. This results in energy efficient flow through the carbon nanotubes.
Due to this energy efficiency, energy dissipation at the nanotube entrance
and exit becomes significant. We thus explore the energy dissipation in the
vicinity of carbon nanotube ends. We observe a nonmonotonic dependence
of energy dissipation on the slip length. We successfully model and explain
the origin of this dependence and accurately predict the optimal slip length
at which the energy dissipation is at its minimum.
In light of recent reports of phonon modes of carbon nanotubes and
subsequent diffusion enhancements, we explore the influence of the oscil-
lating carbon nanotubes on the water flow. To examine the effect of carbon
nanotube oscillations, we employ fluctuating hydrodynamics, in which a
random fluctuating stress tensor representing thermal fluctuations is intro-
duced to the Navier-Stokes equations. We solve the equations and derive
the diffusion coefficient for the center of mass of water in an oscillating
carbon nanotube. We show that in the continuum description, the phonon
modes of the carbon nanotubes do not contribute to the diffusion.
In the second part of this thesis, we study the conservation equations for
polymer chain melts. In polymer chain melts, the defects in orientational
order are closely related to density. This connection is described by the
continuity equation, which is polar in its nature. This presents a problem
for nematic polymers as the direction cannot be uniquely defined. In case
of long polymer chains with abundant chain folding, the polar order disap-
pears while the nematic order is conserved. By performing Monte Carlo
simulations, we show that the continuity equation can be applied if we
define a “recovered polar order” by introducing chain cuts at chain fold
positions. In the last part, we examine the tensorial conservation equation,
which is based on the quadrupolar order. In case of polymer chain folding,
the quadrupolar order, in contrast to the polar order, is not lost, thus making
the tensorial conservation more appropriate compared to the vectorial con-
servation equation. We perform Monte Carlo simulations of polymer chains
in an istoropic phase and show first evidence of presence of the tensorial
constraint.
Keywords: fullerenes, carbon nanotubes, polymer melts, computational
fluid dynamics, finite volume method, partial slip, molecular dynamics,
Monte Carlo
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Nanofluidics is a field of science in which fluid flow around and inside
nano-objects is studied. There has been an increasing interest to study such
systems in recent years. This growing interest has been propelled by the
recent advances in nanoscience and nanotechnology. The progress in, for
example, atomic force microscopy or scanning tunneling microscopy gave
new possibilities for studying nanoscale phenomena, and the advances in
nanofabrication technologies provided possibilities for better control of ex-
periments at the nanoscale [1–3]. In addition, the advances in computational
techniques, such as molecular dynamics (md) [4], have also aided in popu-
larization of nanofluidics [2]. Nanofluidics, however, had been present in
many fields of science prior to the recent advances in nanoscience and nan-
otechnology. It had been implicitly present in fields such as electro-kinetics,
membrane science, and colloid chemistry, but it had not acquired a name
of its own until the recent advances in nanoscience and nanotechnology [1,
2]. Nowadays, nanofluidics holds much promise for future application in
new technologies, such as, energy efficient nanofiltration and desalination
of sea water, nanofluidic transistors and diodes, and efficient electrokinetic
energy conversion [2, 5, 6].
When studying properties and behavior of matter, computer simulations
are an indispensable tool and are complementary to laboratory experiments.
Computer simulations enable testing of theories by comparing simulation
to experimental results. They are also an essential tool for studying phenom-
ena that would be otherwise difficult to study in a laboratory, for example,
when dealing with high temperatures. Computer simulations can be run
with different accuracies. The limiting factor in achieving better accuracies is
the available computer power and budget. Among most powerful methods
of computer simulations of matter is md, which is a particle-based approach.
For each atom, the coordinates and velocity are stored at every instance and
the particles evolve according to the Newton’s equations of motion, which
mandate calculation of pair-wise forces between particles. The number
of pairs of atoms grows as a square of the number of atoms. Taking this
into consideration and the fact that the time length of each integration step
is limited by the fastest frequency mode of the system, typically limiting
it to the order of femtoseconds, the md simulations are typically small in
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length scale and short in time scale, normally reaching a few nanoseconds
in physical time [4]. It is thus favorable to take coarser descriptions of the
simulated system. This approach is called coarse-graining and it involves
taking several atoms and describing them as a single coarse-grained particle.
This enables simulations of larger systems for longer times. To utilize both,
the microscopic detail of full blown md and the computational benefits of
coarse-grained models, multiscale models have been developed [7, 8]. The
idea behind them is to simulate the area of interest in full resolution and in
coarse-grained resolution, elsewhere.
Long-range effects in flows past nanoparticles nevertheless still present a
difficulty [9]. They are, however, manageable by continuum models. Tech-
niques for coupling continuum models to atomistic and coarse-grained
models are thus being developed [10, 11]. In continuum models, in contrast
to the md approach, Navier-Stokes (ns) equations are solved [12]. One
method for solving the ns equations is the method of finite volumes. With
finite volumes, the computational domain is divided into control volumes
and the variables are averaged over the control volumes [13, 14]. When
coupling continuum models to atomistic models at nanoscale, good under-
standing of the limitations of the continuum models is necessary.
Several studies of the limits of continuum descriptions of fluid dynamics
have been made. The study of Hansen et al. shows that for simple liquids
the ns equations are able to describe the fluid dynamics in nanoscale con-
finements; for fluids composed of nonspherical molecules, however, the
ns equations extended to include the rotational degrees of freedom give
a better description of fluid dynamics in nanoconfinements [15]. Experi-
mental results by Li et al., on the other hand, suggest that water retains its
viscosity in subnanometer confinements when the confining walls are hy-
drophobic [16]. In the case of hydrophilic confining walls, however, orders
of magnitude increase of the viscosity compared to bulk water is observed.
Additionally, many studies of fluid flow through Carbon Nanotubes (cnt)
suggest that, with the appropriate boundary conditions (bc), ns equations
are capable of describing the fluid flow in nanoconfinements [17, 18].
In nanoconfined fluids, where the ratio between the surface and volume is
no longer small, the physics at the surface becomes important [2]. Therefore,
the standard no-slip bc, where relative velocity between the fluid and the
wall at the interface is set to zero, may not be valid any more. Indeed, several
studies show that the standard no-slip bc is not valid at the nanoscale,
instead slippage effects are observed [19–25]. Therefore, the more general
Navier Boundary Condition (nbc), where the shear stress at the fluid-solid
interface is linearly dependent on the relative velocity between the fluid and
the solid at the interface, is used [26]. The bcs parameters are still obtained
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from md simulations [27].
1.1 Thesis statement
In this thesis, we will simulate fluid flow past and through nano-objects
with Computational Fluid Dynamics (cfd) [13, 28] with the aim to replicate
the fluid flows obtained with md simulations at a fraction of computational
costs. To accurately describe the physics at the solid-fluid interfaces, we
will use the nbc. We will study the influence of the nbc to the fluid flow.
The slip length for the nbc will be obtained by fitting the cfd to the md
results. Alternatively, the slip length can be obtained directly from the md
by determining the velocity profiles or via the interfacial friction coefficient,
which is related to equilibrium force fluctuations [2, 29, 30]. The reduced
computational cost of cfd in comparison to the md will give access to
simulations of previously inaccessible length and timescales. This will
lay the foundations for future studies of long-range effects in nanofluidics
beyond the current reach of md.
One kind of material, very important in nanoscience, are fullerenes. Full-
erenes are molecules made of only carbon atoms. In 1996, Robert F. Curl Jr.,
Sir Harold W. Kroto, and Richard E. Smalley received the Nobel Prize in
Chemistry for the discovery of fullerenes in 1985 [31–34]. The research inter-
est in these molecules was further bolstered by a breakthrough in fullerene
production in 1990 [33, 35]. Recently, fullerenes found much interest in
potential biomedical applications [36, 37]. When the atoms are organized
such that they form a sphere, the fullerene molecule is called a buckyball.
We will simulate water flow past an array of such fullerene molecules using
cfd, utilizing the nbc. As a reference, we will take a recent multiscale
simulation of water flow past an array of fullerene molecules [29]. We will
obtain the slip length by reproducing the reference fluid velocity profile
around the fullerene molecule and the drag force on the fullerene molecule
by cfd. In addition to obtaining the slip length, which reproduces the
multiscale simulation results, we will study the influence of hydrodynamic
radius on the fluid flow. We will show that changing either the slip length
or the hydrodynamic radius can have a similar effect on the fluid flow [38].
The solution for a viscous fluid flow past a single sphere in an otherwise
undisturbed fluid with the nbc applied at the fluid-solid interface is known
exactly [39]. In the limiting case of a vanishing slip length, the standard
no-slip bc is obtained, which results in the well known Stokes law for the
drag force on the sphere [12]. In the opposite limiting case of a diverging
slip length, however, the 6π prefactor in the Stokes formula changes to
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4π. We will use the case of fluid flow past a single sphere in an otherwise
undisturbed fluid as a verification for our nbc implementation.
Another type of fullerene molecules are cnts. cnts are fullerene mole-
cules with a cylindrical shape; they are simply graphene sheets rolled up to
form tubes with the diameter of the order of nanometers. Lately, cnts have
gained much popularity in nanoscience [5]. The excitement behind cnts is
that, due to the atomic smoothness and hydrophobic nature of the graphitic
walls, they are able to support remarkably high flows rates. These high flow
rates are similar to the ones found with biological cellular channels [21, 25,
40–42]. This makes the cnts a perfect candidate for possible deployment
in future technologies such as nanofiltration and next generation water
desalination [43, 44]. We will simulate water flow through cnt membranes
with cfd, using the nbc, with the aim to accurately describe water flow
through the cnt membranes. As a reference, we will take md simulations
and we will obtain the slip length by fitting the cfd simulation results
to the md simulation results [41, 45]. While cfd simulations can be run
on common modern computers, the md simulations can only be run on a
supercomputer [41]. Due to the significant slip inside cnts the majority of
energy losses occur at the entrances and exits of the cnts [21, 25, 40–42, 46].
Thus, we will focus on the energy losses at the cnt ends. These have often
been ignored which has led to the dependence of the slip length on the
cnt length [41, 46]. Other times, an approximation for fluid flow through a
circular orifice in a thin wall was used [46–49]. In our study, we will study
the energy losses at the cnt ends and observe how they are affected by the
slip length. We will develop a model, which will explain the origin of the
dependence of the energy losses near the cnt ends on the slip length [45].
The model will also predict the existence of an optimal slip length where
the energy losses near the cnt ends are at their minimum.
We will also study the effect of phonon modes in cnts on the fluid flow
through the cnts. A recent md study reported the observation of cnt
oscillations when subjected to water flow through them [50]. The study
proposed that the phonon modes in the cnts increase the water diffusion
by more than 300 %. We will thus study how the cnt oscillations affect the
flow. We will show that oscillating cnt walls have only negligible effect
on the fluid flow through the cnts [51]. To investigate the problem more
thoroughly, we will also include thermal fluctuations in our calculations and
solve the differential equations for the fluid flow through long oscillating
cnts. We will derive the diffusion coefficient of water for flows through
oscillating cnts and show that the oscillating cnt walls do not affect the
water diffusion [51].
In the final part of this thesis, we will turn our attention to polymer chains.
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We will study the conservation equations for polymer chains and the splay-
density coupling that arises from them. First, we will perform Monte Carlo
(mc) [52] simulations of nematic polymer melts. We will vary the polymer
chain stiffness and thus encourage chain folding, which presents a problem
for the standard vectorial conservation equation. Our simulations will
provide first evidence that polymer chain folding weakens the splay-density
coupling. The simulations will also provide a first confirmation that polymer
chain folding can, in the framework of the vectorial conservation equation,
be taken into account by introduction of the “recovered polar order” [53].
Next, we will explore the newly recently proposed tensorial conservation
equation, which does not assume a direction on polymer chains and can thus
account for chain folding. Instead of polar order, the tensorial conservation
equation is based on the quadrupolar order. In the presence of chain folding,
the quadrupolar order has the advantage of being conserved in contrast
to the polar order, which vanishes. We will perform mc simulations of
polymer chains in the isotropic phase and provide the first evidence of the
presence of the tensorial constraint.
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2 Nanofluidics: modeling of
nanoconfined fluids
Nanofluidics is a source of many interesting phenomena [1]. For example,
energy efficient filtration through aquaporins [42, 54]. Aquaporins are
selective water channels in biological cell membranes. The description of
the phenomena at such small scales with computer simulations generally
requires the use of methods with high resolutions are needed, such as md or
even hybrid methods such as qm/mm (Quantum Mechanics/Molecular Me-
chanics) [4, 7]. Such simulations are, however, computationally extremely
costly. Even though the basic idea behind md, which is integration of the
Newton’s equations of motion, does not suggest complexity, the repeated
solving of the Newton’s equations makes them computationally expensive.
At each step, forces between pairs of particles must be calculated and the
number of pairs of atoms scales as a square of the number of particles,
which quickly becomes unmanageable. Thus, md simulations typically
reach simulation times of only a few nanoseconds [4]. Hence, it would be
advantageous if the number of equations, which describe the behavior of
the system, could be reduced to just a few, such as the ns equations.
2.1 Validity of Navier-Stokes equations at
nanoscale
Validity of the continuum description at nanoscale is unexpected, however,
several studies suggest their applicability at nanoscale [2, 16–18, 27, 45,
55]. Bocquet and Charlaix estimate the validity of the ns equations to
confinements larger than 𝑙c = √𝜈𝜏, where 𝜈 is the kinematic viscosity and 𝜏
is the relaxation time of the stress-stress correlation function [2]. For water,
the relaxation time is 𝜏 ≈ 10−12 s and the kinematic viscosity 𝜈 = 10−6 m2/s,
which gives for the confinement limit 𝑙c ≈ 1 nm. Experiments by Li et al.
show that in hydrophobic sub-nanometer confinements water conserves
its viscosity [16]. Thomas and McGaughey observe, in md simulations,
that the structure of water in cnts of diameters greater than 1.4 nm is
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bulk-like [18]. In smaller cnts, the water inside the cnts starts to show a
highly ordered structure, which becomes apparent from the radial density
profile of water inside the cnt [18, 56]. In subnanometer cnts, however,
the water molecules inside the cnt organize in a single-file structure [18,
44, 57, 58]. Delgado-Buscalioni in studying capillary waves, finds that
the hydrodynamic theory stays valid down to wavelengths of about four
molecular diameters [10, 59]. From this, we expect that the continuum
description is valid when the characteristic length is larger than 𝒪(1 nm).
Fluid dynamics is described by the ns equation [12]
𝜌[
∂v
∂𝑡 + (v ⋅ ∇)v] = −∇𝑝 + 𝜂∇
2v + (
𝜂
3 + 𝜁)∇(∇ ⋅ v), (2.1)
where 𝑝 is the hydrostatic pressure, 𝜌 the fluid density, v the fluid velocity, 𝜂
the shear viscosity and 𝜁 the bulk viscosity. The above equation describes the
conservation of momentum. For a complete description of fluid dynamics,
an equation describing the conservation of mass is also needed
∂𝜌
∂𝑡 = −∇ ⋅ (𝜌v) = −𝜌∇ ⋅ v − v ⋅ ∇𝜌. (2.2)
For incompressible fluids, the above conservation law reduces to
∇ ⋅ v = 0 (2.3)
and the last term in equation (2.1) vanishes. In this thesis, we will deal with
incompressible fluids.
Even though the ns equations can be valid at the nanoscale, experiments
and simulations of fluid flow at small scales suggest that the well known,
empirical no-slip bc is not valid [2, 19–25]. Instead, slippage effects best
describe the solid-fluid interface. With the increasing ratio of the interface
area to the bulk volume, the physics at the interface, and their corresponding
bcs, become increasingly important [2, 24].
2.2 Navier boundary condition
In continuum description of the flow field, the slippage effects can be ac-
counted for by applying the Navier boundary condition (nbc) [26, 60].
The nbc assumes a linear dependence of the wall shear stress on the fluid
velocity at the wall:
𝜎𝑖𝑘𝑛𝑘 = 𝜆𝑣𝑖 − 𝑝′𝑛𝑖, (2.4)
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where 𝜎𝑖𝑘 is the stress tensor, 𝑛𝑘 the 𝑘-th Cartesian component of the normal
vector to the wall n pointing into the fluid, 𝜆 the friction coefficient between
the wall and the fluid, 𝑣𝑖 the 𝑖-th Cartesian component of fluid velocity v at
the wall (we assume that the fluid velocity v at the wall is tangential to the
wall), and 𝑝′ the total pressure exerted on the wall by the fluid. We require
the balance of the stress tensor at the wall to the stress tensor of bulk liquid,







) − 𝑝δ𝑖𝑘, (2.5)
where δ𝑖𝑘 is the Kronecker delta function. It is convenient to write the bulk
liquid stress tensor in the cylindrical coordinates. We align the coordinates
such that the fluid velocity at the wall has only the 𝑣𝜙 component non-zero,
and the radial axis is orthogonal to the wall (parallel to n). We place the
origin such that the curvature of the cylinder matches the curvature of
the fluid flow at the wall. This curvature is not the same as the principal
curvature of the wall. Imagine an axial flow through a tube. The wall of
the tube is curved, where as the fluid flow is not. The curvature of the
wall in the flow direction can be obtained by intersecting the wall with a
plane, which is orthogonal to the wall and perpendicular to the fluid flow.
The intersection of the wall and the plane then gives the curvature. The
components of interest of the bulk liquid tensor in such coordinate system
are:
















Joining the above equations with equation (2.4), the nbc can be rewritten
as









We have replaced the 𝑟 coordinate with 𝑛 to emphasize that it is orthogonal
to the wall and denoted the radius of curvature in the wall in the fluid flow
direction with 𝜅. This radius is positive for convex (figure 2.1) and negative
for concave boundaries. 𝑣𝑛 represents the fluid velocity component normal
to the wall and 𝑣𝑡 the component tangential to the wall. In equation (2.7), we
introduce the slip length 𝑙s = 𝜂/𝜆, which for noncurved boundaries (𝜅 → ∞)
gives the depth at which the linear extrapolation of the fluid velocity into
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Figure 2.1: Schematic of the nbc. The shaded region represents the solid
and the region above it the liquid [45].
the wall vanishes. The bc in equation (2.7) differs slightly form the more




in the presence of an additional interface curvature dependent term. The
importance of the curvature term was emphasized by Einzel et al. [61].
This can be particularly relevant for flows past spherical molecules, where
the 𝑣𝑡/𝜅 term can be substantial. The omission of the interface curvature
dependent term would result in the dependence of slip length from interface
curvature and it could also result in a negative slip length. For the bc in
equation (2.8) to match the bc in equation (2.7), the effective slip length





We see that the effective slip length 𝑙effs becomes negative for negative curva-
tures and large slip lengths 𝑙s. For negative effective slip lengths, the fluid
velocity must be extrapolated into the fluid instead of into the wall for it to
vanish. This can occur, for example, in the case of a fluid trapped between
two cylinders as is shown in figure 2.2. Let the inner cylinder rotate, with
the no-slip bc applied between the inner cylinder and the fluid, such that
the rotation of the inner cylinder induces motion of the fluid. Let the outer
cylinder, on the other hand, be at rest and apply the nbc at the interface
between the outer cylinder and the fluid. For sufficiently large slip lengths
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Figure 2.2: Example of a negative effective slip length. Fluid is trapped
between two cylinders, where the inner cylinder is rotating. At
the interface of the fluid and the inner cylinder, the no-slip bc is
applied, such that the rotation of the inner cylinder induces mo-
tion of the fluid. The outer cylinder is at rest and at the interface
between it and the fluid the nbc is applied. For large enough
slip lengths 𝑙s, the effective slip length 𝑙effs becomes negative, i.e.
The velocity profile must be extrapolated away from the outer
cylinder towards the inner cylinder in order to vanish.
𝑙s, the effective slip length 𝑙effs will be negative. This means that the fluid
velocity profile must be extrapolated towards the inner cylinder, away from
the outer cylinder, in order for it to vanish. In the case of the bc in equa-
tion (2.7), however, the slip length is always positive since the slip length
is defined as the ratio of viscosity and the interface friction coefficient, of
which both are positive. The slip length might still, however, vary with the
interface curvature as a consequence of the interface friction coefficient de-
pendence on the interface curvature as is suggested by several past studies
[17, 30, 62]. In another study, Thompson and Troian [63] showed that the
relation between the shear rate and slip length is nonlinear at high shear
rates. Furthermore, they showed that at some critical shear rate the slip
length diverges. The nonlinear relation between shear rate and slip length
indicates that the nbc becomes invalid at high shear rates.
2.3 Computational Fluid Dynamics
The governing equations of fluid dynamics are analytically solvable only
in rare cases. In vast majority of problems, approximations of some kind
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are needed. With the wide availability of computers and rapid increase in
their computational power, computational fluid dynamics (cfd) has become
a popular approach to solving the fluid dynamics problems [13]. In cfd,
the governing equations are approximated by discretizing the differential
equations. Thus, a system of algebraic equations is obtained, which can be
solved using a computer. There are different methods available by which
the discretization can be performed. Some of the more popular are the finite
difference, finite element, and finite volume methods [13, 28].
In cfd, the observed variables are usually specific intensive properties,
such as velocity, temperature, mass fraction, etc. Intensive properties are
those that are independent of the amount of matter, e.g. by doubling the
amount of matter, the temperature and velocity of that matter stays un-
changed. On the contrary, extensive properties depend on the amount of
matter, e.g. by doubling the amount of matter, the mass and energy of that
matter also double [13]. Let 𝜙 represent an intensive property of interest. A




where 𝛺M is the volume occupied by a control mass. In the case, when the
observed intensive property is the velocity (𝜙 = v), the extensive property
is linear momentum. The conservation property of 𝛷 can be written as
d𝛷
d𝑡 = ∑ 𝑓𝜙, (2.11)
where 𝑓𝜙 represents the sources and sinks of 𝜙. The volume 𝛺M moves with
the liquid and is thus dependent on time. It can be difficult to track 𝛺M, it






𝜌𝜙 d𝛺 = ∫
𝛺V
∂𝜌𝜙
∂𝑡 d𝛺 + ∫∂𝛺V
𝜌𝜙v ⋅ dS. (2.12)
This expression states that the rate of change of 𝛷 in the control mass 𝛺M
equals the rate of change of 𝛷 in the control volume 𝛺V plus the outflow
of 𝛷 through the boundaries of the control volume 𝛺V due to fluid flow.
In fluids, diffusive transport is usually present [13]. The right-hand side of
equation (2.11) is thus separated into a diffusive term and a term containing
other sources
∑ 𝑓𝜙 = ∫∂𝛺V
𝛤𝜙∇𝜙 ⋅ dS + ∫𝛺V
𝑞𝜙 d𝛺, (2.13)
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where 𝛤𝜙 is the diffusivity and 𝑞𝜙 are the remaining sources. Plugging




𝜌𝜙 d𝛺 + ∫
∂𝛺V
𝜌𝜙v ⋅ dS = ∫
∂𝛺V
𝛤𝜙∇𝜙 ⋅ dS + ∫𝛺V
𝑞𝜙 d𝛺. (2.14)
By applying the Gauss’ theorem on the surface integral terms, the above
conservation equation can be rewritten in the differential form
∂
∂𝑡(𝜌𝜙) + ∇ ⋅ (𝜌𝜙v) = ∇ ⋅ (𝛤𝜙∇𝜙) + 𝑞𝜙. (2.15)
By setting 𝜙 = 1 and 𝛤𝜙 = 𝑞𝜙 = 0, the conservation equation of mass (equa-
tion (2.2)) is obtained. The conservation equations for linear momentum
are obtained by replacing 𝜙 with fluid velocity components 𝑣𝑖. The diffu-
sivity 𝛤𝜙 is replaced with shear viscosity 𝜂 and the source 𝑞𝜙 is replaced
with pressure gradient −∂𝑝/∂𝑥𝑖 (assuming an incompressible fluid). Con-
servation equations for many other quantities can be written in the form
of equation (2.15), e.g. conservation of energy, conservation of chemical
species, etc. [13, 28]
2.3.1 Finite Volume Method
In this section, we give a short overview of the finite volume method. As
we have shown, the relevant equations can often be written in the form of
the generalized conservation equations (2.14) and (2.15). In this section, a
strategy for solving the generalized conservation equation is shown. This
serves as the basis for solving specific equations of this kind.
In the finite volume method, the domain is divided into small contiguous
control volumes [13, 28]. In the center of each control volume, a com-
putational node, at which the variable values are calculated, is defined.
Figure 2.3 shows a sketch of control volumes and the nodes within them in
two dimensions. On each of the control volumes, the conservation equation
in the integral form (i.e. equation (2.14)) is applied. Let 𝛺𝑖 denote the 𝑖-th
control volume and 𝑃𝑖 the node within the control volume. The volume
integrals are approximated by replacing the integrand mean with the value
of the integrand at the control volume node
∫
𝛺𝑖
𝑓 d𝛺 = 𝑓𝑖𝑉𝑖 ≈ 𝑓𝑖𝑉𝑖, (2.16)
where 𝑓𝑖 is the value of the integrand at the node 𝑃𝑖 and 𝑉𝑖 the volume of
control volume 𝛺𝑖. The surface integrals, on the other hand, are first split
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Figure 2.3: A sketch of a control volume (in grey) and its neighbouring con-
trol volumes in two dimensions. The volume nodes are shown
as filled circles and the surface nodes as empty circles.
into integrals over individual surfaces of the control volume. Each surface
integral is then approximated similarly to the volume integrals. Let us
partition the surface ∂𝛺𝑖 into separate surfaces ∂𝛺𝑖,𝑗 common to the control
volume 𝜔𝑖 and its neighbors 𝛺𝑗. In the center of each surface ∂𝛺𝑖,𝑗, we put
a surface node 𝐾𝑖,𝑗. We approximate the integrand mean by the integrand
value at the node in the center of the surface
∫
∂𝛺𝑖,𝑗
𝑓 d𝑆 = 𝑓𝑖,𝑗𝑆𝑖,𝑗 ≈ 𝑓𝑖,𝑗𝑆𝑖,𝑗, (2.17)
where 𝑓𝑖,𝑗 is the value of the integrand at the node 𝐾𝑖,𝑗 and 𝑆𝑖,𝑗 the surface
area of ∂𝛺𝑖,𝑗. The values at the surface nodes have to be calculated first,
however. Several methods are available for calculating 𝑓𝑖,𝑗, one of which is
the linear interpolation, where the values at the node 𝐾𝑖,𝑗 on the surface
∂𝛺𝑖,𝑗 are interpolated from the values at the volume nodes 𝑃𝑖 and 𝑃𝑗
𝑓𝑖,𝑗 = 𝑓𝑖𝜆𝑖,𝑗 + 𝑓𝑗(1 − 𝜆𝑖,𝑗). (2.18)
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where 𝑑𝑖,𝑗 is the distance between the node 𝑃𝑖 and surface ∂𝛺𝑖,𝑗 (similarly,
𝑑𝑗,𝑖 is the distance between the node 𝑃𝑗 and surface ∂𝛺𝑖,𝑗). Gradients in the
surface integrals are approximated with




where n𝑖,𝑗 is the normal vector to the surface ∂𝛺𝑖,𝑗 pointing out of the control
volume 𝛺𝑖. These approximations are best if the line connecting the nodes
𝑃𝑖 and 𝑃𝑗 intersects the node 𝐾𝑖,𝑗 and is orthogonal to the surface ∂𝛺𝑖,𝑗.
In cases when the deviations from these conditions are large, additional
corrections are possible [13]. The exact form of the source term (last term in




𝑞𝜙 d𝛺 ≈ 𝑠1 + 𝑠2𝜙𝑖. (2.21)
Upon applying the above approximations to equation (2.14) for each control
volume we obtain a system of algebraic equations, which can be solved with
a computer.
Boundary condition implementation
Below, we give a short description of the nbc implementation. As we have
already mentioned, for the linear momentum conservation equation we
set 𝜙 = 𝑣𝑖. Normally, the bcs are applied through the surface integrals. In
cases of impermeable wall boundaries, the convective fluxes are zero, thus
only the surface integrals with diffusive fluxes remain. Simulation packages
often include two options: no-slip and no-shear bcs. For the no-shear bc, i.e.
diverging slip length, the diffusive flux is set to zero, where as for the no-slip
bc, the velocities are set to zero at the surface nodes and the diffusive fluxes
are approximated using the values from the volume and surface nodes.
The nbc can be introduced as an additional force and applied through
equation (2.21). In this case, the built-in bc of the simulation package
imposes the no-shear bc and the nbc is introduced as an additional force
through equation (2.21). In the nbc, the wall shear force is proportional to
the fluid velocity at the wall. We thus need to define the slip velocity of the
fluid in the surface node, which is in the center of the surface representing
the wall. The 𝑖-th Cartesian component of the force of the wall on the fluid
in the control volume is approximated with
𝐹𝑖 = −𝜆𝑣s𝑖𝑆, (2.22)
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where 𝑆 is the surface 𝑣s𝑖 is the 𝑖-th Cartesian component of the slip velocity.






where 𝑑 represents the distance of the volume node to the surface and 𝑣c𝑖 is
the 𝑖-th Cartesian coordinate of the velocity in the volume node. From the
above equation we obtain
𝑣s𝑖 =
𝑙s/𝑑
1 + 𝑙s/𝑑 + 𝑙s/𝜅
𝑣c𝑖 . (2.24)
By plugging this slip length into equation (2.22), we obtain the 𝑠1 and 𝑠2,








3 Fluid flow past spherical
molecules
As the first application of the nbc implementation, we perform simulations
past objects with simple geometry. This chapter, thus presents simulations
of fluid past spherical molecules. First, we present simulations of fluid flow
past a sphere, subjected to the nbc, in an otherwise undisturbed flow. This
simple problem is suitable for testing the nbc implementation because it
includes the curvature term in the nbc (equation (2.7)). Next, we present
simulations of water flow past a fullerene molecule. We compare these sim-
ulations to recent multiscale simulations and we show that the continuum
hydrodynamics subjected to the nbc gives an accurate description of fluid
flow past the fullerene molecule.
3.1 Stokes problem
The problem of a viscous fluid flow past a sphere, subjected to the nbc, in
an otherwise undisturbed fluid can be solved analytically [39]. Let us write






where 𝐶D is the drag coefficient. 𝑣∞ is the free-stream velocity and 𝑅 the








where 𝑅𝑒 = 𝜌𝑣∞𝑅/𝜂 is the Reynolds number. By setting the slip length to
𝑙s/𝑅 = 0, the problem reduces to the standard Stokes flow problem and
the drag coefficient becomes 𝐶D = 12/𝑅𝑒. Conversely, by setting the slip
length to infinity (𝑙s/𝑅 → ∞), a problem of fluid flow past a sphere with
perfect-slip (no-shear) bc is obtained. Even though there is no shear at the
fluid-sphere interface, the sphere is subjected to a drag force, with the drag
coefficient 𝐶D = 8/𝑅𝑒.
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(a) (b)
Figure 3.1: Fluid flow visualization past a sphere, subjected to the nbc, in
an otherwise undisturbed fluid (a) and the corresponding mesh
(closeup view) (b). The direction of the flow is from the left to
the right [38].
In our simulations, we place a sphere of radius 𝑅 in the center of a spher-
ical domain out of which we cut a wedge of 10∘ in the azimuthal direction.
This domain contains four concentric submeshes with the density of the
mesh decreasing with the distance from the sphere. The density in the
azimuthal and polar directions is constant through all the sub-meshes
with 180 cells in the azimuthal direction and 2 cells in the polar direc-
tion in each sub-mesh. In the radial direction, the cell density is varied.
The first subdomain extends from 𝑟/𝑅 = 1 to 𝑟/𝑅 = 1.94 with 100 cells,
the second from 𝑟/𝑅 = 1.94 to 𝑟/𝑅 = 3.88 with 100 cells, the third from
𝑟/𝑅 = 3.88 to 𝑟/𝑅 = 19.42 with 200 cells and the fourth from 𝑟/𝑅 = 19.42
to 𝑟/𝑅 = 194.17 with 200 cells (figure 3.1b). This amounts to 21600 cells in
total. At 𝑟/𝑅 = 194.17 we impose a constant free-stream velocity 𝑣∞, and we
set density 𝜌 and viscosity 𝜂 such that we obtain a desired Reynolds number
𝑅𝑒. We perform the simulations for different slip lengths and determine
the drag coefficient, which we then compare to the analytical values. The
comparison of the drag coefficients determined from the simulations and
the theoretical predictions are shown in figure 3.2.
The Stokes approximation is valid for small Reynolds numbers [12]. In
the case of the standard no-slip bc, the drag coefficient expression can be
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(a) 𝑅𝑒 = 0.065












(b) 𝑅𝑒 = 10
Figure 3.2: Drag coefficient dependence on the slip length for 𝑅𝑒 = 0.065
(a) and 𝑅𝑒 = 10 (b). The circles represent the data points of
the continuum simulations. The green line represents the drag
coefficient from an analytical solution in equation (3.2) and the
red line represents the Oseen-like correction to the analytical
solution in equation (3.4) [38].







This correction is valid for Reynolds numbers up to 105. By applying this













Both, the analytically obtained drag coefficient equation (3.2) and the “cor-
rected” drag coefficient equation (3.4), are shown in figure 3.2. The figures
show that both expressions are in good agreement with the simulations
in the low Reynolds number regime. For 𝑅𝑒 = 0.065 and 𝑙s/𝑅 = 10−3,
the “uncorrected” expression gives 𝐶D ≈ 184. The “corrected” expression
gives 𝐶D ≈ 189, which is in excellent agreement with the drag coefficient
determined in the simulation at 𝐶D ≈ 189. In the high slip regime, how-
ever, the “correction” misses slightly and overcorrects. For 𝑅𝑒 = 0.065 and
𝑙s/𝑅 = 103, the “uncorrected” expression gives 𝐶D ≈ 123. The “corrected”
expression gives 𝐶D ≈ 126, which is still in excellent agreement with the
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drag coefficient determined in the simulation at 𝐶D ≈ 125. The overcor-
rection becomes more evident at higher Reynolds numbers. Figure 3.2b
shows the drag coefficients at 𝑅𝑒 = 10. In the low slip regime, equation (3.2)
misses completely. At 𝑙s/𝑅 = 10−3 it gives 𝐶D ≈ 1.20, whereas the drag
coefficient obtained from the simulations is 𝐶D ≈ 2.72. The correction in
equation (3.4) brings the drag coefficient to 𝐶D ≈ 2.69, which is again in
excellent agreement with the simulation results. In the high-slip regime, on
the other hand, both expressions miss, with equation (3.4) giving somewhat
better estimates. At 𝑙s/𝑅 = 103 the drag coefficient determined in the simu-
lation is 𝐶D ≈ 1.40. The “uncorrected” expression gives 𝐶D ≈ 0.80, missing
by 43 %. The “corrected” expression, on the other hand, gives 𝐶D ≈ 1.80,
missing by 29 %. In the moderate Reynolds number regimes, the correction
to the drag coefficient expression gives good estimates for slip lengths up to
the order of the sphere radius 𝑅. For larger slip lengths, a better estimation
is needed.
3.2 Flow past fullerene molecules
In a recent study by Walther et al. [29], a multiscale simulation of water
flow past a C540 fullerene molecule was performed by coupling md to the
Lattice-Boltzmann method. A steady state solver was used to describe the
flow in the continuum domain and the atomistic-continuum coupling relied
on the Schwarz domain decomposition algorithm. An important feature of
this coupling was the transfer of gradient information between the contin-
uum and atomistic descriptions ensuring momentum conservation. Here,
we tackle the same problem by employing a fully continuum description,
coupling the finite volume simulations of the ns equations with the nbc
applied on the interface between the fullerene molecule and the fluid. By
matching the drag coefficient determined in continuum flow simulations to
the drag coefficient determined in the multiscale simulation, we extract the
slip length for the water flow past the C540 fullerene molecule. We set our
simulations to mimic the multiscale simulation. We place a sphere in the
center of a cubic box of edge 𝐿/𝑅 = 15.53. The coordinate axes are oriented
parallel to the box edges, where the 𝑥 axis points in the direction of the fluid
flow. The mesh density is varied with the distance from the sphere with the
total number of cells cca. 1.7 million (figure 3.3b). We set the far field bcs to
mimic the bcs from the multiscale simulations of Walther et al. [29]. At the
inlet and outlet faces of the bounding box we impose uniform fluid velocity
bcs and on the side faces the periodic boundary conditions (pbc). pbcs
are, due to computational restrictions, often used in md simulations [4]. In
38
3.2 Flow past fullerene molecules
(a) (b)
Figure 3.3: Visualization of the fluid flow past an array of fullerene mole-
cules (a) and the corresponding mesh (b). The array of spheres
is realized by imposing periodic boundary conditions on side
faces of the bounding box (top and bottom in (a) and (b)). The
direction of the flow is from the left to the right [38].
md simulations, we are limited to small sample sizes. Thus, by using pbcs
we represent an infinite periodic system with the single domain, which
contains a single period. The pbcs impose an artificial periodicity and care
must be taken when considering long-range properties [4]. These are more
easily studied with cfd, which can accommodate large systems without
resorting to the pbcs. In this particular case, we use pbcs to simulate a
system matching the multiscale simulations [29]. By using pbcs, we simu-
late a flow past an array of fullerenes. The fullerenes form a square lattice
extending to infinity as is the case in the multiscale simulations. We set the
Reynolds number to 𝑅𝑒 = 0.065.
Walther et al. [29] estimated the slip length and the hydrodynamic radius
𝑅H (the radius at which the Navier boundary condition is imposed) by fitting
the drag coefficient and the velocity profile to the solutions for a viscous
flow past a sphere in an otherwise undisturbed fluid. The drag coefficient
obtained from the multiscale simulation is 𝐶D = 172 ± 10 and the extracted
hydrodynamic radius and slip length are 𝑅H/𝑅 = 1.18 and 𝑙s/𝑅 = 0.58. By
applying this hydrodynamic radius and slip length in a cfd simulation, the
obtained drag coefficient is 𝐶D = 217, which is in a reasonable agreement
with the drag coefficient determined in the multiscale simulation with
a deviation of 26 %. The 26 % deviation in the drag coefficient is due to
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how the slip length and the hydrodynamic radius are obtained from the
multiscale simulations. There, an analytic expression for the drag coefficient
on a single sphere in an otherwise undisturbed flow is used while the flow
simulated is a flow past an array of fullerene molecules. Figure 3.4 shows
the drag coefficient dependence on the slip length for the fluid flow past
a sphere in an otherwise undisturbed flow with 𝑅H/𝑅 = 1.00 and a flow
past a 2D lattice of fullerene molecules with 𝑅H/𝑅 = 1.00 and 𝑅H/𝑅 = 1.18.
The results show that the presence of the surrounding fullerene molecules
increases the drag. Thus, the slip length and the hydrodynamic radius
obtained from the multiscale simulations are not accurate.
We determine the slip length by matching the drag coefficients of the cfd
simulations and the multiscale simulations. We perform cfd simulations
with different slip lengths for the two hydrodynamic radii 𝑅H/𝑅 = 1.00 and
𝑅H/𝑅 = 1.18 and calculate the drag coefficients, corresponding to each slip
length. The obtained drag coefficient dependence on slip length is shown
in figure 3.4. To the drag coefficient, we fit a three parametric function
𝑓(𝑥) = 𝑎
𝑏 + 𝑥
𝑐 + 𝑥 . (3.5)
This function has no physical significance. We chose it to aid the fitting of
the drag coefficient. The three parameters in the fitting function determine
the minimum, the maximum and the point of transition. In the case of
the analytic expression in equation (3.2) they are: 𝑎 = 8/𝑅𝑒, 𝑏/𝑅 = 1/2
and 𝑐/𝑅 = 1/3. For 𝑅H/𝑅 = 1.00, the obtained parameters are 𝑎 𝑅𝑒/8 =
1.5981 ± 2 × 10−5, 2𝑏/𝑅 = 1.0062 ± 2 × 10−4, and 3𝑐/𝑅 = 0.9210 ± 2 × 10−4.
Using these parameters, we find the slip length by solving the inverse
function of equation (3.5), 𝑓 −1(𝑥) = (𝑎𝑏 − 𝑐𝑥)/(𝑥 − 𝑎), for 𝑥 = 𝐶D = 172.
The slip length obtained in this way is 𝑙s/𝑅 = 0.65. Using this slip length
in a cfd simulation, indeed results in a drag coefficient conforming to the
multiscale simulation. Performing the same procedure for 𝑅H/𝑅 = 1.18,
the hydrodynamic radius obtained in the multiscale simulation, the fitting
parameters are 𝑎 = 173.423 ± 3 × 10−3, 𝑏/𝑅 = 0.5989 ± 10−4 and 𝑐/𝑅 =
0.35724 ± 5 × 10−5. The parameter 𝑎 gives the minimal drag coefficient,
which is reached at the perfect-slip bc (𝑙s/𝑅 → ∞). This tells us that for
𝑅H/𝑅 = 1.18 the drag force is greater, regardless of the slip length, than the
drag force determined in the multiscale simulation (i.e. the red line is above
the black horizontal line in Fig. 3.4). Thus, the best fit for 𝑅H/𝑅 = 1.18 is
obtained with 𝑙s/𝑅 → ∞.
We also compare the fluid velocity profile around a fullerene molecule
obtained by the slip corrected continuum simulations and multiscale simu-
lation to confirm the accuracy of the continuum hydrodynamics approach.
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Figure 3.4: Drag coefficient dependence on the slip length. The circles rep-
resent the data points of the continuum simulations. The results
in blue represent the drag coefficient for a single sphere with
𝑅H/𝑅 = 1.00 placed in an otherwise undisturbed fluid flow.
The blue dotted and the dashed lines represent the drag co-
efficient from an analytical solution in equation (3.2) and the
correction to the analytical solution in equation (3.4) respectively.
Results shown in green and red represent the drag coefficient
on a fullerene molecule with 𝑅H/𝑅 = 1.00 and 𝑅H/𝑅 = 1.18
respectively in an array of fullerene molecules forming a square
lattice. The green and red solid lines are fits of the three para-
metric function in equation (3.5) to the cfd data points. The
black horizontal line at 𝐶D = 172 marks the drag coefficient
determined in the multiscale simulation [29, 38].
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Figure 3.5: Velocity profile of fluid flow around the fullerene molecule. The
fluid velocity is normalized with the free-stream velocity 𝑣∞.
𝑥 component of the fluid velocity along the 𝑥 axis (a) and 𝑦
axis (b). The black X symbols represent the results from the
multiscale simulation and the solid lines the cfd results. Green
line represents results for 𝑅H/𝑅 = 1.00 and 𝑙s/𝑅 = 0.65, red
for 𝑅H/𝑅 = 1.18 and 𝑙s/𝑅 → ∞, and blue for 𝑅H/𝑅 = 1.18 and
𝑙s/𝑅 = 0.58 [38].
Figure 3.5 shows the 𝑥 component of the fluid velocity along the 𝑥 axis and 𝑦
axis for different cfd simulations and compares them with the results of the
mentioned the multiscale simulation. We observe that using 𝑅H/𝑅 = 1.00
and 𝑙s/𝑅 = 0.65 or 𝑅H/𝑅 = 1.18 and 𝑙s/𝑅 → ∞ gives a velocity profile and
drag coefficient that is in better agreement with the multiscale simulation
than 𝑅H/𝑅 = 1.18 and 𝑙s/𝑅 = 0.58 (the values obtained from the multiscale
simulation). We also observe that by increasing the hydrodynamic radius
and the slip length simultaneously gives similar results. The reason is, as
is suggested by the nbc sketch in figure 2.1, that increasing the slip length
or applying the bc deeper in the wall can have similar effects. In simple
problems, such as the nbc applied on an infinite flat surface as is discussed
in section 4.2.2, the two solutions can be equivalent. The problem of the
fluid trapped between two cylinders as in figure 2.2 is another such example.
The solution to that problem is
𝑣(𝑟) =
𝑅21𝜔
𝑅21(2𝑙s − 𝑅2) + 𝑅32
⎡⎢
⎣






where 𝑅1 and 𝑅2 are the radii of the inner and outer cylinder respectively.
We find that if, instead at 𝑅2, we apply the nbc at some other radius 𝑅′2 and
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Figure 3.6: Energy dissipation rate per unit volume due to viscosity for the
flow past an array of fullerene molecules [38].
for slip length use
𝑙′s =
𝑅′32 (2𝑙s − 𝑅2) + 𝑅′2𝑅32
2𝑅32
, (3.7)
the two solutions are equivalent. In more complex problems, the slip length
can accommodate only sufficiently small displacements of the surface as
the two solutions start to deviate.
Figure 3.6 shows the energy dissipation rate per unit volume due to












where 𝑥∗𝑖 = 𝑥𝑖/𝑅 and 𝑣∗𝑖 = 𝑣𝑖/𝑣∞. The figure shows that the viscous part of
the stress tensor is nonzero in the vicinity of the sphere. Thus, the viscous
term in the momentum flux is also nonzero [10]
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This highlights the importance of matching two adjacent grid layers at the
atomistic-continuum interface as performed in the multiscale simulation
[29]. This ensures the matching of the velocity gradients in addition to
velocity at the interface. Without this, the momentum flux would not be
conserved due to the presence of the velocity gradients in the viscous term.
This was not an issue in previous multiscale simulations of fluid flow past
and through nanotubes [65, 66]. There, the atomistic-continuum interface
was further away form the nanotube where the viscous part of the stress
tensor is not significant and thus matching the velocity in a single grid layer
did not present a problem.
In this section, we have shown that the continuum hydrodynamics with
the nbc accurately describes the fluid flow past single and multiple fullerene
molecules. The effective simulation of water flows past fullerenes hinges
on the appropriate description of the physical mechanisms at the interface
of water with the fullerene molecule. The standard no-slip bcs breaks
down and a more appropriate bc is needed. This bcs can be obtained
through atomistic simulations which can then provide suitable bcs for the
continuum solvers. Here, we have demonstrated that the simple nbc with a
linear dependence of shear stress on the slip velocity can be very effective in
this task. This suggests that such systems can be simulated using continuum
simulations, thus accessing spatio-temporal scales that are inaccessible for
md simulations. Such slip-corrected continuum simulations can then be a
very important design tool for engineering flows that involve nanoparticles.
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In recent years, detailed experiments and simulations have demonstrated
that flows in natural and artificial nanochannels exhibit remarkably high
flow rates [21, 25, 40–42, 67]. These findings have spurred great interest
in applications ranging from nanosyringes for drug delivery to new tech-
nologies for water desalination [43, 44]. The two main lines of investigation
for these flows involve experiments and simulations using md. These two
approaches are considered complementary, however, there are large dis-
crepancies in the spatio-temporal scales that each can resolve. The observed
volumetric flow rates that the cnts can support are widely scattered. In
some experiments, flow rates that exceed the classical prediction by as much
as 4 to 5 orders of magnitude are observed [25]. In other experiments, the
observed flow rates exceed the classical predictions by 2 to 4 orders of mag-
nitude [40, 68]. The observed flow rates in md simulations, on the other
hand, are lower and exceed the classical predictions by 1 to 3 orders of mag-
nitude [17, 69, 70]. These discrepancies have fueled arguments with regards
to the large differences observed in flow rates obtained in experiments and
md simulations [41, 69, 71].
The computational cost of the md simulations and the relatively short
time scales that they resolve has motivated the development of a contin-
uum model [46] with partial-slip bcs to model fluid flows through cnt
membranes. Such partial slip bcs are consistent with the observation that
at the nanoscale the wall-fluid interaction plays an important role on the
overall behavior of the flow and the standard empirical law of the no-slip
bc is not applicable [2].
In this chapter, we investigate flows through cnts. First, we simulate
water flow through cnt membranes using cfd. We take a recent md study
as a reference and check our strategy by comparing the two approaches. The
water flow through cnts is very efficient with a large slip length. We thus
give special attention to energy dissipation in the vicinity of cnt entrances
and exits. We monitor energy dissipation dependence on the slip length
and develop a simple model, which explains the origin of the dependence.
In the end, we study oscillating cnts.
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Figure 4.1: The geometry of the computational system. The computational
domain is reduced to a quarter due to the symmetry of the
problem. The cnt of radius 𝑅 and length 𝐿 is connecting two
large water reservoirs of length 𝐿r. The edges at the cnt ends
are rounded with a fillet of constant curvature 𝑟f (see insert).
The nbc is applied to the solid walls of the membrane and cnt
surfaces. The origin of the coordinate system is placed in the
center of the cnt and the 𝑥 axis points in the direction of the
flow [45].
4.1 Flow through carbon nanotube membranes
In this section, we simulate water flow through cnt membranes. We model
the cnt membrane such that it matches the membrane in the recent md
study of Walther et al. [41]. The membrane is composed with a collection
of circular tubes connecting two water reservoirs. The radius of each cnt is
𝑅 = 1.017 nm and the length 𝐿 of the cnts varies between 3 nm to 7000 nm.
These µm long cnts exceed by two orders of magnitude the lengths that
can be simulated by todays md technologies. We arrange the cnt mem-
brane such that the cnts form a square lattice with the displacements
between adjacent cnts of 18.17 nm in one direction and 17.87 nm in the
other direction. Using the symmetries of the cnt membrane, we reduce the
computational domain to a quarter of a single cnt (see figure 4.1). On both
sides of the cnt membrane, we place a reservoir extending 50 nm away
from the cnt membrane. At the inlet reservoir, we apply a uniform velocity
bc maintaining a constant volumetric flow rate 𝑄 in the range of 0.8 µm3/s
to 10 µm3/s through a single cnt, and at the outlet we apply a uniform pres-
sure bc. The cnt entrance and exit have edges with a radius of curvature 𝑟f
ranging from 0.0 nm to 0.6 nm. Unless otherwise stated we consider sharp
edges (the radius of curvature of the fillet is 0 nm). We set the viscosity to
𝜂 = 7.2 × 10−4 kg/m s and density to 𝜌 = 997 kg/m3 corresponding to the
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Figure 4.2: Comparison of md data with cfd simulations. The slip length
𝑙s = 63 nm is used from the recent md study [41]. The figure
shows volumetric flow rate dependence on the pressure gradient
along the cnt. Crosses represent the md results and circles the
cfd results. Dashed lines are fits of a linear equation to the cfd
results and serve as a visual guide. Green color represents the
results for a cnt of length 30 nm, black for 12 nm, blue for 6 nm,
and red for 3 nm [45].
spc/e water model at ambient conditions[72, 73]. The Reynolds number is
𝑅𝑒 = 𝜌𝑈𝑅/𝜂 = 𝒪(10−3), where 𝑈 is the average velocity of the fluid flow
through the cnt.
To verify the accuracy of the partial-slip model we compare the present
continuum results to those obtained by the related md simulations [41].
Figure 4.2 depicts the volumetric flow rate 𝑄 dependence on the pressure
gradient along the cnt. In the cfd simulations, we use the slip length of
𝑙s = 63 nm obtained in this recent study. Our results on flow rates are within
the error bars of the values obtained with md simulations. Recently, it has
been reported [74, 75] that in highly confined nanoscale channels extended
ns equations coupled to the microscopic molecular spin angular velocity
describe the water flow better than the standard ns equations. According
to our results, the standard ns equations still give a good description of the
water flow in highly confined channels. Large slip lengths, corresponding
to hydrophobic walls, decrease the effect of the coupling of the ns equations
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Figure 4.3: Pressure loss between the inlet and the outlet along a cnt of
length 𝐿 = 30 nm dependence on the slip length. The Reynolds
is 𝑅𝑒 = 1.4 × 10−3. The red X symbols represent pressure loss ob-
tained by cfd simulations and the green dashed line represents
pressure loss obtained from equation (4.1) [45].
to the microscopic molecular spin angular velocity [74]. Our slip-length
𝑙s = 63 nm is more than an order of magnitude larger than the slip length
reported in [75].
The introduction of the nbc has a significant effect on the pressure profile
along the cnt and the water flow through the cnt. Figure 4.3 shows the
pressure loss 𝛥𝑝 between the inlet and the outlet dependence on the slip
length. The figure shows the results from our simulations as well as the
results predicted by the model proposed by Sisan and Lichter [46], which








where 𝐶 = 3. The above equation attributes the overall pressure loss along
the cnt to two contributions. The first term in the parentheses represents
the pressure loss due to a fully developed flow inside the cnt, which is
given by the slip enhanced Hagen-Poiseuille equation. The second term
represents the pressure loss at the cnt ends approximated by the pressure
loss through a thin orifice [48, 49]. It is interesting to observe from figure 4.3
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Figure 4.4: Pressure profile along the axis of a cnt of length 𝐿 = 30 nm
with the Reynolds number 𝑅𝑒 = 1.4 × 10−3. The 𝑦 axis shows
the pressure normalized by the average pressure at the inlet.
The three curves show the pressure profile for three different
slip lengths at the fluid-wall interface. Blue line represents the
pressure profile for no-slip (𝑙s/𝑅 = 0), green for partial-slip with
𝑙s/𝑅 = 10 and red for full-slip (𝑙s/𝑅 → ∞) case [45].
and equation (4.1) that even in the limiting case of full-slip (𝑙s/𝑅 → ∞) the
pressure loss does not vanish [46, 76]. Figure 4.4 shows the pressure profile
along the axis of the cnt. In the case of the standard no-slip bc, the pressure
steadily drops through the cnt, whereas in the case of the full-slip bc the
pressure loss occurs solely at the cnt ends. In the partial-slip case, on the
other hand, the pressure loss occurs both at the cnt ends and along the
length of the cnt. The pressure loss at the cnt ends is present in the no-slip
case as well. It is, however, negligible in comparison to the pressure loss
inside the cnt. In the case of a large slip, on the other hand, the pressure
loss at the cnt ends plays a significant role. Note that in the no-slip case the
pressure loss is approximately 174 MPa (figure 4.3) and in the full-slip case
about 8 MPa. Because of large slip effects in cnt membranes it is interesting
to study in detail the pressure loss at the cnt ends [30, 62].
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4.1.1 CNT entrance pressure losses
The pressure loss at the cnt ends occurs due to viscosity, where the nonzero
viscous part of the stress tensor can be significant at low Reynolds number
flows [12]. In the case without the nbc, the pressure loss at cnt ends can





This result is in agreement with the one obtained by Weissberg [47], who
studied pressure losses at tube ends analytically and obtained an upper
bound for the constant 𝐶 ≤ 3.47. A similar expression was obtained by
Sampson [48] and Roscoe [49] for the pressure loss through a thin orifice,
effectively a tube with a vanishing length. In this case, the pressure loss is
known exactly and the multiplicative constant is 𝐶 = 3.
The nbc introduces a new length scale into the problem (the slip length 𝑙s)
that characterizes the pressure loss at the cnt ends. In this section, we thus
study the pressure loss at cnt ends dependence on the slip length in this
section. We adopt the same expression for the pressure loss as suggested by
Sisan and Lichter [46] (equation (4.1)) with the difference that we view the
coefficient 𝐶 as a function of 𝑙s and 𝑟f. The flow upon entering the cnt fully
develops into the slip enhanced Hagen-Poiseuille flow within the length
of the order of the cnt radius [46]. The pressure loss due to the cnt ends
is therefore confined to their vicinity. We thus evaluate this pressure loss
by determining the total pressure loss dependence on the cnt length and
fitting Equation (4.1) to the obtained data. By taking the pressure loss at
𝐿/𝑅 = 0, we obtain the coefficient 𝐶 for a specific slip length. We obtain
the dependence of the 𝐶 on the slip length by varying the slip length. The
obtained dependence is depicted in figure 4.5. The pressure loss at cnt
ends clearly exhibits a dependence on the slip length. Furthermore, the
transition of the pressure loss from the no-slip regime to the full-slip regime
is not monotonous. Around 𝑙s/𝑅 ≈ 0.1 there is a local minimum for the
pressure loss at the cnt ends and the range of 𝐶 is roughly between 3.0 and
3.6. In the large slip regime, where the majority of the pressure loss along
the cnt stems from the cnt ends, an accurate description of pressure loss
at the cnt ends is vital and the choice of 𝐶 = 3 might not be adequate. For
𝑙s/𝑅 ≫ 1, the constant 𝐶 is at its maximum (𝐶 = 3.583±0.005 at 𝑙s/𝑅 = 1000).
Gravelle et al. [42] in contrast give 𝐶 = 3.75 for full-slip case (𝑙s/𝑅 → ∞).
They also show that as the length of a tube approaches zero, 𝐶 approaches 3,
which is in agreement with analytical derivations for pressure loss through
a thin orifice [48, 49]. For small slip 𝑙s/𝑅 = 10−4, on the other hand, we
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Figure 4.5: Pressure loss at the cnt ends (𝐶 = 𝛥𝑝′ 𝑅3/(𝜂𝑄)) dependence on
𝑙s/𝑅 for different 𝑟f: 0.0 nm (red), 0.3 nm (blue), 0.6 nm (green).
The results are obtained for the Reynolds number 𝑅𝑒 = 1.4×10−3.
The dashed curves represent fits of our model for pressure loss
at cnt ends from equation (4.8) to the cfd results [45].
obtain 𝐶 = 3.19±0.05, which is in agreement with the Weissberg estimation
𝐶 ≤ 3.47. We explain the dependence of pressure loss at the cnt ends on












We divide the energy dissipation into two contributions ( ̇ℰ = ̇ℰ1 + ̇ℰ2)
corresponding to the energy loss outside ( ̇ℰ1) and inside ( ̇ℰ2) of the cnt
respectively. Similarly, we divide the pressure loss at the cnt ends into
two contributions 𝛥𝑝′ = 𝛥𝑝1 + 𝛥𝑝2 corresponding to the two regions. We
assume a sharp edge at the cnt ends (i.e. 𝑟f/𝑅 = 0), which imposes an
effective no-slip bc at the point of the corner. We also suppose that the
velocity profile at the cnt end is independent from 𝑙s/𝑅 and is equal to the







In this case, the pressure loss outside the cnt is equal to the pressure loss for
a flow through a thin orifice and is given by equation (4.2) where 𝐶 = 𝐶1 = 3
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(corresponding to ̇ℰ1 = 𝑄𝛥𝑝1 = 𝐶1𝜂𝑄2/𝑅3). Let us restrict ourselves inside
the cnt to only the axial component of the velocity. The pressure loss due to
dependence of the velocity from the radial coordinate is included in the slip
enhanced Hagen-Poiseuille equation (first term in equation (4.1)), although
in the vicinity of the cnt ends not completely accurate. We thus also restrict
ourselves to the velocity dependence on the axial coordinate. Let us also
assume a linear transition from the velocity profile in equation (4.4) to the








and that the transition happens in the length proportional to the cnt radius.











2 − 72𝑙s/𝑅 + 7
(1 + 4𝑙s/𝑅)
2 . (4.7)














where 𝐶1 = 3. By fitting the above expression to the cfd results, we obtain
the coefficient 𝐶2 = 0.038 ± 0.002 (figure 4.5). The model described above
gives a minimum pressure loss at the cnt ends for 𝑙s/𝑅 = 1/6. At this
slip length, the velocity profile at the cnt ends (equation (4.4)) bears the
closest resemblance to the fully developed slip enhanced Hagen-Poiseuille
flow (equation (4.5)). This results in the least dissipated energy during the
development of the flow. Figure 4.6 shows the velocity profiles for the fluid
flow through a thin orifice (equation (4.4)) and the fully developed slip
enhanced Hagen-Poiseuille flow (equation (4.5)) for the no-slip (𝑙s/𝑅 = 0),
full-slip (𝑙s/𝑅 → ∞) and the partial-slip bc with 𝑙s/𝑅 = 1/6 where the
energy dissipation is at its minimum. We can see that indeed at 𝑙s/𝑅 = 1/6,
the slip enhanced Hagen-Poiseuille velocity profile is similar to the velocity
profile of a flow through a thin orifice. For the full-slip bc, however, the fully
developed velocity profile is the most different from the velocity profile at
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Figure 4.6: Velocity profile of the flow through a thin orifice from equa-
tion (4.4) (black) and the slip enhanced Hagen-Poiseuille flow
from equation (4.5) for the no-slip bc (blue), partial-slip bc with
𝑙s/𝑅 = 1/6 (red) and the full-slip bc (green) [45].
the cnt entrance. Thus, the most energy dissipated at the cnt ends is in
case of the full-slip bc. Figure 4.7 shows the velocity magnitude profile in
the vicinity of the cnt entrance for the full-slip, partial-slip and no-slip bcs.
We can see that the flow indeed transits to the fully developed flow in the
length of the range of the cnt radius.
The pressure loss at the cnt ends is due to viscous dissipation of energy.
In the vicinity of the cnt openings the streamlines sharply curve in and out
of the cnt. This results in a non-vanishing viscous part of the stress tensor
and consequentially viscous energy dissipation. This kind of viscous energy
dissipation can be reduced by softening the streamline curvature. This can
be achieved by introducing softer corners at the cnt ends, e.g. by rounding
the corners through introducing a fillet of constant curvature 𝑟f at the cnt
ends. This introduces yet another length scale and the coefficient 𝐶 is now
a function of two variables: the slip length (𝑙s), and the curvature radius
of the fillet (𝑟f). Figure 4.5 shows the dependence of 𝐶 on the slip length
for cnts with fillets of radii 𝑟f = 0.3 nm and 0.6 nm. Fits of our model are
also shown in the figure. The assumptions we made developing the model
are not valid any more due to the rounded corners. Therefore, it is not
enough to fit equation (4.8) only for 𝐶2 but it must also be fit for 𝐶1. The
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4.1 Flow through carbon nanotube membranes
parameters we obtain by fitting for both 𝐶1 and 𝐶2 are: 𝐶1 = 1.99±0.02 and
𝐶2 = 0.036 ± 0.002 for 𝑟f = 0.3 nm, and 𝐶1 = 1.0 ± 0.1 and 𝐶2 = 0.07 ± 0.01
for 𝑟f/𝑅 = 0.6 nm. The results shown in figure 4.5 confirm that our model
is able to describe the pressure loss at the cnt ends correctly for rounded
corners with small curvature radius. However, it breaks at larger curvature
radius where our assumptions (equation (4.4)) upon which the model is
developed are no longer valid.
Figure 4.8 shows energy dissipation rates per unit volume for three differ-
ent bcs: the full-slip bc, the partial-slip bc with 𝑙s/𝑅 = 1/6 and the no-slip
boundary condition. For the full-slip case, the energy dissipation rate is
the highest near the corner at the cnt entrance. For the no-slip case, on
the other hand, it is highest near the walls of the cnt. For the partial slip
case with 𝑙s/𝑅 = 1/6, it is comparable in both regions. In the full-slip case,
we observe elevated pressure gradient at the wall near the transitions from
the rounded corner to the flat surfaces of the outer membrane wall and the
inner cnt wall (indicated by arrows in figure 4.9). We explain these ele-
vated pressure gradients by considering the partial-slip bc (equation (2.7))
and recognizing that the shear stress at the wall is linearly proportional
to the flow velocity at the wall. At the transition from the rounded cor-
ner to the straight wall, the radius of curvature changes discontinuously
from 𝑟f to infinity, corresponding to the curvature radius of a straight wall.
The discontinuous curvature results in a discontinuous wall shear stress
and surface pressure gradient. The flow velocity is higher at the fillet-cnt
connection than it is at the fillet-outer membrane wall connection with
correspondingly higher pressure gradient at the fillet-cnt transition than
at the fillet-outer membrane wall transition. In the limiting case of no-slip
(𝑙s/𝑅 = 0), however, the flow velocity at the wall is zero which results in
a vanishing curvature term (equation (2.7)) and hence a continuous stress
at the wall. Indeed, the pressure gradient is significantly smaller for the
system with no-slip bc than for the system with full or partial slip.
4.1.2 Flow rate enhancement
The flow rate enhancement is defined as the ratio between the volumetric







































































































































































































































































































































































































































































































4 Water flow through carbon nanotubes









The flow rate enhancement is interesting because of the observed high flow
rates through cnts as compared to the no-slip Hagen-Poiseuille predictions.
Flow rate enhancements reported by different experiments and simulations,
however, differ by orders of magnitude [21, 25, 40, 41, 68]. These discrep-
ancies are a topic of intense scientific debate [17, 41, 68, 77]. The flow rate
enhancement, as is written in equation (4.10), approaches an asymptotic
value of 𝐸 = 1 + 4𝑙s/𝑅 with the cnt length. In our case, with 𝑙s/𝑅 = 62, this
means an asymptotic value of 𝐸 = 249. In contrast, some md studies report
flow rate enhancement values exceeding 1500 [58]. This is well beyond our
theoretical limit. To reach such values the slip length would have to be
𝑙s/𝑅 > 375. Even higher flow enhancement rates are observed in some ex-
periments, where they can exceed values of 104 [25, 40]. Figure 4.10 shows
the flow rate enhancement dependence on cnt length. We performed cfd
simulations on cnts of lengths ranging from 3 nm to 7000 nm. These cfd
simulations of flow through several µm long cnts exceed the lengths achiev-
able with present-day md simulations. Furthermore, the cfd simulations
can be performed on a computer cluster built of conventional computers.
For md simulations with cnts even an order of magnitude shorter, on the
other hand, a supercomputer is needed [41]. In the simulations we main-
tained the Reynolds number constant at 𝑅𝑒 = 1.4 × 10−3 and we applied the
nbc with the slip length of 𝑙s/𝑅 = 62. The dashed line shows the prediction
of equation (4.10) with 𝐶 = 3.6, corresponding to the values from the md
simulations [41]. Our simulations confirm that the flow rate enhancement
is a function of the cnt length and reaches an asymptotic value of 249 for
𝐿/𝑅 > 2000. For cnts of lengths 𝐿/𝑅 > 2000, the pressure losses at the cnt
ends can be ignored because most of the energy is disipated inside the cnt.
4.2 Oscillating carbon nanotubes
Recently, Ma et al. [50] have observed oscillations of the shear force between
water and the cnt in their md simulations. In their paper, they show that the
shear force oscillations are due to coupling between water molecules and the
longitudinal phonon modes of the cnt. They attribute the phonon coupling
to an enhancement of the water diffusion constant, which could in turn affect
the permeability of the cnt [80]. This could provide a possible physical
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Figure 4.10: Flow rate enhancement (equation (4.9)) dependence on cnt
length. The red X symbols show the flow rate enhancement
from the cfd simulation. The Reynolds number is 𝑅𝑒 =
1.4 × 10−3 and 𝑙s/𝑅 = 62. The triangles show the flow rate
enhancement for a recent md study of water flow through cnt
membranes [41]. The black triangles correspond to md sim-
ulations using fasttube, blue and green triangles to simu-
lations using namd with pressure difference 200 and 20 bar
respectively [78, 79]. The dashed line is flow rate enhancement
obtained from equation (4.10) with 𝑙s/𝑅 = 62 and 𝐶 = 3.6 [45].
mechanism, which would explain the discrepancy between experiments
and md simulations in reported flow enhancements in cnt membranes.
In this section, motivated by these findings, we investigate the effect of
longitudinally oscillating nanotube walls on the fluid flow employing a
continuum ns model subjected to the nbc. We start by describing the nbc
for nonstationary walls, which we then apply to the following cases. First,
we solve a simple case of a flat, infinite oscillating plate subjected to the nbc.
This provides some insight of how the oscillations are transfered from the
boundary to the fluid and how they decay with the distance from the wall
characterized by the penetration depth. Then, we examine oscillations of an
infinite tube. Here, we give a time dependent solution to the flow evolution
from rest initial conditions. This solution shows that the oscillating and
the slip enhanced Hagen-Poiseuille flows are independent of each other.
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Next, we move to the water flow through finite length cnts. The finite
cnts exhibit less symmetries than the infinite cnts and thus the flow can
no longer be decoupled into the non-oscillating and oscillating parts. We
examine a possible flow rate enhancement due to the oscillations in the
fluid by observing the flow rate enhancement ratio. Finally, we account
for thermal fluctuations by adding thermal noise to the ns equations. We
derive the diffusion coefficient of center of mass of water in an oscillating
cnt and show that the cnt oscillations do not increase the diffusion.
4.2.1 Navier boundary condition for non-stationary
boundaries
For nonstationary walls, the nbc has to be modified slightly. In equa-
tion (2.4), the fluid velocity must be replaced with the relative velocity
between the fluid and the wall
𝜎𝑖𝑘𝑛𝑘 = 𝜆(𝑣𝑖 − 𝑤𝑖) − 𝑝′𝑛𝑖, (4.11)
where 𝑤𝑖 represents the 𝑖-th Cartesian component of the wall velocity w.
The bc in equation (2.7) is thus rewritten into





where 𝑣𝑡 and 𝑤𝑡 are the tangential components of fluid and wall velocities
with respect to the direction of the relative velocity between the fluid and
the wall. Similarly, 𝜅 now represents the wall curvature in the direction of
the relative velocity between the fluid and the wall.
4.2.2 Infinite oscillating plate
To gain some insight, we start with solving a problem with a simpler ge-
ometry, a problem of fluid motion induced by an infinite oscillating plate
subjected to the nbc. This problem has already been studied by Khaled and
Vafai [81]. Additionally, in the no-slip limit the problem becomes identical
to the problem considered by Stokes of a fluid flow induced by an oscillating
plate [12, 82, 83].
We place an infinite plate in the 𝑧 = 0 plane and let it oscillate in the 𝑥
direction with angular frequency 𝜔 and amplitude of velocity 𝑤0. Here, we
use the complex representation 𝑤 = i𝑤0e−i𝜔𝑡, where the real part represents
the actual oscillations. The fluid is above the plate in the 𝑧 > 0 half-space
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and the interface between the fluid and the plate is subjected to the nbc.
The set problem has translational symmetry along 𝑥 and 𝑦 axes, and under
reflection 𝑦 → −𝑦. The fluid velocity thus depends only on the 𝑧 coordinate,
and the 𝑦 component of velocity 𝑣𝑦 is zero. Furthermore, the continuity
equation is reduced to ∂𝑣𝑧/∂𝑧 = 0. Coupling this to the bc of vanishing
normal component of fluid velocity at the fluid-solid interface 𝑣𝑧(𝑧 = 0) = 0
we obtain 𝑣𝑧 = 0. Thus the only non-zero component of velocity is the 𝑥














We choose the bcs at infinity (𝑧 → ∞) such that ∇𝑝 = 0, hence 𝑝 = const.
everywhere. With the plate oscillating as 𝑤 = i𝑤0 e−i𝜔𝑡, the solution is of
the form 𝑣(𝑧, 𝑡) = 𝑣′(𝑧)e−i𝜔𝑡. Inserting this into equation (4.13), the solution
is
𝑣(𝑧, 𝑡) = 𝑣0e(−1+i)𝑧/𝛿 e−i𝜔𝑡, 𝛿 = √
2𝜂
𝜌𝜔. (4.14)
We discard the other solution since it diverges at infinity. The coefficient 𝑣0
is determined by the bc (4.12) at 𝑧 = 0
𝑣0 − 𝑤0 = 𝑣0
𝑙s
𝛿 (−1 + i) (4.15)
yielding
𝑣(𝑧, 𝑡) = 𝑤0
1
1 + 𝑙s/𝛿 − i 𝑙s/𝛿
e−𝑧/𝛿 e−i(𝜔𝑡−𝑧/𝛿). (4.16)
We observe that the penetration depth 𝛿 is independent from the slip length.
The slip length does, however, affect the amplitude and the phase shift of the
oscillations with respect to the plate (figure 4.11). With increasing slip length,
the amplitude decreases and the phase difference increases. Increasing the
frequency of oscillations has a similar effect (functional dependence of
amplitude and phase on 𝑙s and √𝜔 is the same, note that 𝑧 = 0 at the
boundary). The frequency, however, also affects the penetration depth,
which is inversely proportional to the square root of frequency. Even though
the penetration depth is unaffected by the slip length, the apparent position
of the surface is shifted due to the reduced amplitude of oscillations. To
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Figure 4.11: Amplitude (blue) and the phase shift (solid red) of the fluid
oscillations at the fluid-solid interface (𝑧 = 0) with respect to
the oscillations of the plate dependence on slip length. The
dashed red curve shows the phase shift between the imaginary
oscillating plate at depth 𝑧 = −𝑑 and the actual plate at 𝑧 = 0.
demonstrate this, the equation (4.16) can be rewritten as
𝑣(𝑧, 𝑡) = 𝑤0e−(𝑧+𝑑)/𝛿e−i(𝜔𝑡−𝑧/𝛿−𝜃),












with 𝑑 being the apparent surface distance from the actual position of the
surface. At depth 𝑑 past the actual surface, a virtual oscillating plate is
imagined. At this virtual fluid-solid interface, we apply the standard no-
slip bc, that is, the slip length at the virtual interface is zero. This plate
oscillates with the same amplitude and frequency as the actual plate. It is,
however, not in phase with the actual plate, the phase difference between the
two being 𝑑/𝛿 − 𝜃. In the limiting case of oscillations much slower than the
diffusion of momentum across the distance of slip length, the penetration
depth is much larger than slip length. In this case, the apparent surface
distance 𝑑 is approximately the slip length.
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4.2.3 Infinite oscillating nanotube
Having considered the infinite oscillating plate, we turn our attention to
the nbc with an infinite oscillating tube. Let 𝑅 be the radius of the tube.
The tube is oscillating longitudinally with the tube velocity 𝑤 = i𝑤0e−i𝜔𝑡.
Taking into account the axial and translational symmetries of the problem,




∂𝑟 ) = 0 (4.18)
Together with the bc of vanishing normal fluid velocity at the tube wall
𝑣𝑟(𝑟 = 𝑅) = 0 and the above equation it follows that 𝑣𝑟(𝑟) = 0 everywhere.
Hence, it can be written: 𝑣 = 𝑣𝑧. With these simplifications the ns equations




















As the initial condition, we choose the flow at rest (𝑣(𝑡 = 0) = 0). The above
is a linear partial differential equation with two driving forces: the pressure
gradient and the oscillating tube wall. Due to the linearity of the differential
equation and the bc, we can solve the differential equation for each source
separately. This highlights that on average the oscillating wall cannot affect
the fluid flow as the average velocity of fluid flow induced by the oscillating
wall is zero.
First, we solve the differential equation for the pressure gradient driving


















The fully developed flow is (see equation (4.5))











4 Water flow through carbon nanotubes
By writing 𝑣1(𝑟, 𝑡) = 𝑣∞1 (𝑟) + 𝑢1(𝑟, 𝑡) and inserting this into equation (4.20)















𝑢1(𝑟, 𝑡 = 0) = −𝑣∞1 (𝑟).
(4.22)
We obtain the solution to the above partial differential equation by the use
















and the corresponding eigenvalues 𝛼𝑖 are determined by the bc
J0(𝛼𝑖𝑅) = 𝑙s𝛼𝑖 J1(𝛼𝑖𝑅). (4.25)
In case of the standard bc with vanishing slip length, 𝛼𝑖𝑅 are the zeros of J0
and in the case of the no-shear bc with diverging slip length, 𝛼𝑖𝑅 are the
zeros of J1. The eigenvalues for any slip length in between, however, must
be obtained numerically. The first few eigenvalues dependence from slip












By inserting equation (4.23) into equation (4.22), we obtain the coefficients
𝑎𝑖
𝑎𝑖(𝑡) = 𝑏𝑖e
−𝜂𝛼2𝑖 𝑡/𝜌 , (4.27)
where the coefficients 𝑏𝑖 are obtained from the initial condition,




𝑏𝑖 J0(𝛼𝑖𝑟) = −𝑣∞1 , (4.28)
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Figure 4.12: Eigenvalues 𝛼𝑖 dependence on the slip length. For vanishing
slip lengths the eigenvalues approach the zeros of J0 and for


































First, we homogenize the bc by writing 𝑣2(𝑟, 𝑡) = i𝑤0e−i𝜔𝑡 + 𝑢2(𝑟, 𝑡). The


















4 Water flow through carbon nanotubes
With this, we transform the problem from the problem of a flow driven by
an oscillatory pipe to the problem of a flow driven by an oscillatory pressure
gradient. The steady state solution in this case is









The problem of a flow through a pipe subjected to a no-slip bc (i.e. 𝑙s = 0)
driven by an oscillatory pressure gradient has already been studied [85].
Setting 𝑙s = 0 in the above equation gives a flow in agreement with the
previous studies. Instead of the solution in equation (4.32), we provide an
unsteady solution obtained by the eigenfunction expansion method. This
way, we avoid the Bessel functions in complex space. We again write the










2𝑤0𝑅 J1(𝛼𝑖𝑅)(𝛿2𝛼2𝑖 + 2i)
𝛼𝑖𝐴𝑖(𝛿4𝛼4𝑖 + 4)
e−i𝜔𝑡, (4.34)
where 𝛿 is the penetration depth from equation (4.14). The coefficients 𝑑𝑖
are determined by the initial condition. The initial condition states 𝑣2(𝑟, 𝑡 =
0) = 0, thus it must also hold that 𝑢2(𝑟, 𝑡 = 0) = 0. This is satisfied if
𝑐𝑖(𝑡) = 𝑑𝑖(e−i𝜔𝑡 − e
−𝜂𝛼2𝑖 𝑡/𝜌 )
𝑑𝑖 =




𝑅(𝛿4𝛼4𝑖 + 4)(1 + 𝑙2s 𝛼2𝑖 ) J0(𝛼𝑖𝑅)
=
4𝑤0(𝛿2𝛼2𝑖 + 2i)




4.2 Oscillating carbon nanotubes
Merging the separate solutions, the full solution becomes





















−𝜂𝛼2𝑖 𝑡/𝜌 ) J0(𝛼𝑖𝑟).
(4.36)
The above solution highlights again that the flows due to the oscillating wall
and the pressure gradient are decoupled and do not affect each other. It also
emphasizes that in the steady state the flow due to the oscillating wall does
not affect the overall flow on the average as the average of the oscillating
flow vanishes. For 𝛼𝑖 ≫ 1/𝑅 the Bessel function can be approximated by
the asymptotic series [86]
J𝑝(𝑥) ≈ √
2
π𝑥 cos (𝑥 −
2𝑝 + 1
4 π) + 𝒪(𝑥
−3/2 ). (4.37)
As is evident from figure 4.12, for 𝑖 > 0 it is always true that 𝛼𝑖 > 1/𝑅. This
holds even for 𝑖 = 0 if 𝑙s is sufficiently small compared to the tube radius.
With the above asymptotic approximation of the Bessel functions the bc





Furthermore, if 𝛼𝑖 ≫ 1/𝑙s is true, the bc is further simplified to
tan (𝛼𝑖𝑅) = 1 (4.39)
and the the eigenvalues 𝛼𝑖 are approximated by 𝛼𝑖𝑅 ≈ π/4+𝑖π. For 𝛼𝑖 ≫ 1/𝑅






















4 Water flow through carbon nanotubes
It is evident that for large 𝛼𝑖, the absolute values of 𝑏𝑖 and 𝑑𝑖 fall with 𝛼−7/2𝑖
and the higher terms in equation (4.36) contribute very little to the overall
solution. A similar approximation can be also made for 𝛼𝑖 ≫ 1/𝑅 and 𝛼𝑖 ≪
1/𝑙s (i.e. small slip lengths compared to the tube radius and intermediate
eigenvalues 𝛼𝑖). In this case, the bc in equation (4.38) is approximated by
tan (𝛼𝑖𝑅) = −1. (4.41)
The eigenvalues are then approximated by 𝛼𝑖𝑅 ≈ 3π/4 + 𝑖π and the coeffi-





















Figure 4.13 shows the comparison of the numerically obtained coefficients
and the coefficient approximations for the case with 𝑙s/𝑅 = 0.025 and
𝛿/𝑅 = 0.1. In this case the coefficients approximations are in very good
agreement with the numerically obtained values. Even the very first coeffi-
cients, when 𝛼𝑖 is not much larger than 1/𝑅 but merely larger, are excellently
approximated by equation (4.42).
Figure 4.14 depicts the development of the flow from rest to the steady
state for a case with the non-oscillatory tube wall. The figure shows cross-
sectional average of the fluid velocity dependence on time obtained by a
cfd simulation and the analytical solution, where only the first term in the
sum of equation (4.36) is used. We notice that in this case taking only the
first term of the sum already gives a solution in excellent agreement with
the numerical simulation solution. The tube radius is 𝑅 = 1.35 nm and the
fluid properties are set to match those of the tip4p water model used by
Ma et al. [50] and are 𝜂 = 0.5 mPa s and 𝜌 = 988 kg/m3 [73]. With these
fluid properties the slip length corresponding to the Ma et al. observations
is 𝑙s = 𝜂/𝑘 ≈ 120 nm. Figures 4.15 and 4.16 show the fluid flow time
dependence a short time after the initial time and of the developed flow
respectively. Both the case with the oscillating and the stationary tube wall
are shown and the solutions obtained numerically by cfd simulation and
by equation (4.36). The frequency of the wall oscillations is 𝜔 = 3.05 THz
and the amplitude 𝑤0 = 3.38 m/s corresponding to the oscillations of the
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Figure 4.13: Coefficients 𝑏𝑖 (red) and 𝑑𝑖 (blue). The absolute values of the
coefficients are shown as the coefficients are alternating and
also, the 𝑑𝑖 coefficients are complex. The red circles and the
blue triangles represent the numerically obtained coefficients
𝑏𝑖 and 𝑑𝑖 respectively (equations (4.29) and (4.35)). The solid
line represents the coefficients approximation for 𝛼𝑖 ≫ 1/𝑅 and
𝛼𝑖 ≫ 1/𝑙s (equation (4.40)), and the dashed line the coefficients
approximation for 𝛼𝑖 ≫ 1/𝑅 and 𝛼𝑖 ≪ 1/𝑙s (equation (4.42)).
cnt observed by Ma et al. [50]. We observe that initially, the simulation
and equation (4.36) are in excellent agreement. With time, however, the
two solutions start to deviate slightly giving a difference of ∼ 1% in the
cross-sectional average of the fluid flow. It also appears that initially the
oscillating tube wall slightly increases the fluid velocity. This is because
the wall velocity and the fluid velocity have the same direction initially. If
they instead had the opposite directions, that is, if we replaced 𝑤0 with
−𝑤0 in equations (4.35) and (4.36), the oscillating terms in the solution
would have the opposite sign and the line representing the oscillating flow
in figure 4.15 would be below the line representing the non-oscillatory
flow. By the time the flow fully develops, however, the oscillating flow
oscillates around the stationary flow, and on average does not affect fluid
flow. Looking at equation (4.36), the relaxation times for the oscillatory
and non-oscillatory flows are the same. This means that by the time the
non-oscillatory flow develops so will the oscillatory flow (i.e. the oscillatory
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Figure 4.14: The cross-sectional average of the fluid velocity dependence on
time obtained numerically by cfd simulation and by equation
(4.36).













eq. (4.36), no osc.
eq. (4.36), osc.
Figure 4.15: The cross-sectional average of the fluid velocity dependence on
time a short time after initial time. The solutions to both: the
case with the oscillating and the stationary tube wall are shown,
and the solutions obtained numerically by cfd simulation and
by equation (4.36).
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eq. (4.36), no osc.
eq. (4.36), osc.
Figure 4.16: The cross-sectional average of the fluid velocity dependence
on time of the developed flow. The solutions to both: the case
with the oscillating and the stationary tube wall are shown, and
the solutions obtained numerically by cfd simulation and by
equation (4.36).
flow will oscillate around the non-oscillatory flow). We should also note
that while the oscillations in the flow introduce increased dissipation, the
overall flow is not affected because the oscillating cnt walls in this case
acts as an additional power source. The time average of the power per unit









[1 + 𝑙2s 𝛼2𝑖 ][4 + (𝛼𝑖𝛿)
4]
, (4.43)
which provides the energy for the viscous dissipation in the fluid and the
dissipation at the fluid-solid interface due to the friction between the fluid
and the cnt wall. The oscillating wall acting as a power source in the
current simulations is in contrast to the md simulations where the walls act
as a heat sink instead [50].
4.2.4 Finite nanotube
Finally, we run the cfd simulations of water flow through finite cnts. With
the cnt now being finite, the translational symmetry of the system is lost
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Figure 4.17: The geometry and mesh of the finite cnt used in the simula-
tions. A tube of length 𝐿 and radius 𝑅 = 1.35 nm is connected by
two reservoirs of length 50 nm and radius 20 nm. The zoomed
in picture shows the finite volume mesh at the tube exit. The
size of the cells in the tube is 0.1 nm and in the reservoirs 1 nm.
The area of denser cells also extends 5 nm longitudinally and
radially into the reservoirs past the ends of the tube.
and the ns equations can no longer be linearized. Consequently, the flows
induced by the pressure gradient and the oscillating tube wall are no longer
decoupled. It is thus conceivable that the introduction of oscillations might
increase the average flow rate through the cnt. To test this, we determine
the flow rate enhancement.
We prepare axisymmetric 2-dimensional finite volume meshes of cnts
with radius 𝑅 = 1.35 nm and length 𝐿. On both sides of the cnts we
place two reservoirs of length 50 nm and radius 20 nm. The base size of
cells of the reservoirs is 1 nm and the base size of the cells in the tube (this
region extends additional 5 nm into the reservoirs) is 0.1 nm (see figure
4.17). The pressure difference between the reservoirs, which is driving
the flow through the cnt is 𝛥𝑝 = 10 MPa. In addition to the pressure
gradient driving force, the cnt wall is set to oscillate, where its longitudinal
displacement along the cnt axis is described by
𝑑(𝑧, 𝑡) = 𝑑0 sin (
π𝑧
𝐿 ) cos (𝜔𝑡), 𝜔 =
π𝑐
𝐿 . (4.44)
The origin is placed in the center of the cnt, 𝑐 = 19.4 km/s is the speed of
sound in the cnt and 𝑑0 = 2 pm is the amplitude of displacement oscillation
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Figure 4.18: Flow rate enhancement ratio dependence on cnt length. The
green solid line is the theoretical prediction of the enhancement
from equation (4.10), the blue plus signs are the flow enhance-
ments for water flow through cnts with stationary walls and
the red crosses are flow enhancements of flow through oscillat-
ing cnts. The flow enhancements for stationary and oscillating
cnts match, indicating that the oscillations do not contribute
to flow enhancement.
in the center of the cnt. We determine the flow rate enhancement ratio for
cnts with stationary and oscillating walls, on cnts of lengths ranging from
10 nm to 10 µm. For cnts with oscillating walls, we define the volumetric
flow rate as the time average of the volumetric flow rate. We find that the
oscillations have negligible effect on the flow rate enhancement (figure 4.18)
and that the flow rate enhancement dependence on cnt length follows the
theoretical prediction closely.
The amplitude 𝑑0 = 2 pm is quite small. By increasing the amplitude
of oscillations, however, the time average of the flow is still unaffected.
Figure 4.19 shows volumetric flow rate dependence on time for water flow
through cnts of length 10 nm with stationary tube wall, and oscillating
tube walls with amplitudes 𝑑0 = 2 pm and 𝑑0 = 0.2 nm. In all three cases,
the average volumetric flow rate is 𝑄 ≈ 16.1 µm3/s. For the case with the
increased amplitude, we also show in figure 4.20 how the velocity profile
in the center of the tube oscillates. The snapshots are taken at moments of
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𝑑0 = 2 pm
𝑑0 = 0.2 nm
Figure 4.19: Volumetric flow rate for different amplitudes of oscillations.
The black line shows the volumetric flow rate for flow through a
cnt with a stationary wall, and the red and blue lines show the
flow through cnts with oscillating walls with amplitudes 𝑑0 =
2 pm and 𝑑0 = 0.2 nm respectively. The average volumetric
flow rate is 𝑄 ≈ 16.1 µm3/s
equilibrium and extreme positions of the oscillating tube wall. It should be
noted that the oscillations of the tube wall and the fluid are not in phase for
non-zero slip lengths (figure 4.11). The ratio 𝑙s/𝛿 between the slip length and
the penetration depth in this case is 𝑙s/𝛿 ≈ 3000, meaning that the phase
difference between the oscillations of the wall and the fluid is approximatelly
π/4.
The simulations show that even though the flow cannot be decoupled
into two separate and independent flows, namely slip enhanced Hagen-
Poiseuille and the oscillating flows, the introduction of oscillations to the
flow through cnts does not affect the flow enhancement. When averaging
the oscillating flow over time, the time average is indistinguishable from
the flow through a cnt with a stationary wall.
4.2.5 Clamped nanotube
Ma et al., in their study, used pbc with the cnt held fixed at the boundaries
[50]. This is analogous to an infinite cnt that is clamped in place periodi-
cally with 𝐿 the distance between the clamps. In between the clamps the
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Figure 4.20: Velocity profile in the center of the cnt of length 10 nm and
the amplitude of oscillations 𝑑0 = 0.2 nm. The four equally
separated snapshots are made over one period, such that the
moments of the equilibrium (𝑡 = 0 and 𝑡 = π/𝜔) and extreme
positions (𝑡 = π/2𝜔 and 𝑡 = 3π/2𝜔) of the oscillating tube wall
are recorded. It is clear from the figure that the oscillations of
the tube and the fluid are not in phase. When the tube wall
displacement is at its extreme and the tube velocity is zero,
the fluid velocity at the fluid-solid interface is at its maximum
(green curve).
cnt walls are free to move. We perform cfd simulations of the fluid flow
through the clamped cnts. The phonons in the cnts are approximated by
equation (4.44) [50, 51]. Figure 4.21 shows the average velocity between two
neighboring clamps and the shear stress at the interface between the fluid
and the cnt. The distance between the clamps is 𝐿 = 20 nm and the cnt
walls between the clamps oscillate as equation (4.44) with 𝑤0 = 3.38 m/s
and 𝜔 = 3.05 THz. The fluid inside the cnt has a density 𝜌 = 731 kg/m3
and viscosity 𝜂 = 0.322 mPa s, corresponding to the mW water model [50,
87]. The slip length is set to 𝑙s = 14 nm and the fluid flow is induced by
a pressure gradient of ∂𝑝/∂𝑧 = 300 TPa/m. The figure shows that while
the shear stress oscillations are significant, the velocity oscillations are very
small.
In this section, we have introduced the nbc for non-stationary walls. We
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Figure 4.21: (left) An all-atom md model of a cnt filled with water. Water
molecules are pictured as red and white beads, and cnt atoms
are represented as hexagons in green lines. (top right) Aver-
age velocity of water between the clamps for oscillating and
non-oscillating cnt walls. (bottom right) Shear stress at the
interface between the fluid and the cnt wall for the oscillating
and stationary cnt walls. Adapted from [51].
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then used this bc to solve problems with simple geometry and performed
cfd simulations on problems with less symmetrical geometry. The pre-
sented analytical solution to infinite oscillating tubes showed that the slip
enhanced Hagen-poiseuille flow and the oscillatory flow are fully decou-
pled. Thus, when looking at a time average, the oscillations in the flow do
not affect the flow rate. With finite cnts the two flows are no longer fully
decoupled. However, the simulations show that when taking a time average,
the flow is again unaffected, even though the flow cannot be separated into
two decoupled flows. Thus, we can conclude that in the continuum picture
the oscillating tube walls do not affect the flow rate enhancement in flows
through cnts. Therefore, further work is needed to explain the discrepancy
in the reported flow rate enhancements.
Within the present continuum model the viscosity is considered to be
constant. Viscosity could also affect cnt permeability and it could, instead
be treated as temperature dependent. However, the temperature differences
in the cnts are small by the following reasoning. It has been shown that
due to large slip in flows through cnts, there is low friction and thus
also low energy dissipation along the length of cnts. Instead, energy
dissipation is strongest at the ends of cnts, where fluid enters and exits
the cnt [42, 45, 46, 76]. The power of energy dissipation at the cnt ends is
𝑃 = 𝑄𝛥𝑝 = 𝐶𝜂𝑄2/𝑅3. The energy dissipation coefficient depends on the slip
length and the cnt radius, and for large slip lengths it approaches 𝐶 ≈ 3.6.
With the cnt radius of the order of nm, the volumetric flow rate of the order
of µm3/s and viscosity of the order of 10−3 Pa s, the power of the energy
dissipation is of the order of pW. Assuming an influx of fluid at constant
temperature with specific heat of the order of 103 J/kg K and density of the
order of 103 kg/m3, and that there are no other heat losses other than heated
fluid exiting on the other side of the system, the temperature increase of
the fluid upon exiting the system will be of the order of 1 K. Thus, the effect
of a thermal dependent viscosity on the fluid flow should not be significant.
Therefore, by treating the problem athermally and setting the viscosity to
be constant the errors should be negligible.
Another possible mechanism that could affect the cnt permeability is the
slip length dependence on the oscillation frequency. It has been shown that
at small shear rates the slip length is constant. However, for sufficiently high
shear rates the nbc breaks down and the slip length grows with the shear
rate, ultimately diverging at a critical shear rate [63]. This could affect the
slip length via the increased shear rate at the fluid-solid interface due to the
boundary oscillations [88, 89]. When determining the slip dependence on
the oscillations, it is important that it is the slip length that is actually being
determined and not the slip velocity (the velocity difference between the
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fluid and the solid at the fluid-solid interface) [90]. As we see in figure 4.11,
with increasing frequency of oscillations (i.e. decreasing the penetration
depth 𝛿) the slip velocity increases even though the slip length is held
constant. In addition, the phase shift between the fluid and solid oscillations
also increases with the frequency, giving a false indication of increased slip.
4.2.6 Diffusion coefficient
According to Ma et al. [50], the diffusion coefficient 𝐷 is increased in the
presence of longitudinal phonon modes of the cnts, and this could affect
the cnt permeability [80]. They report that the phonon modes enhance
the diffusion by more than 300 %. The present continuum model does not
have a mechanism to directly consider the diffusion constant. The fluid
flows at nanoscale differ from flows at macroscale as the ratio between the
volume and the surface is not small in the former. Therefore, the physics at
the surface can affect the behavior of bulk liquid significantly [2, 24]. Some
properties, which are not necessarily important at macroscale, can thus
become relevant. For example, Hansen et al. have shown that at nanoscale
the rotation of nonspherical molecules can affect the fluid flow [15]. There-
fore, the ns equations have to be extended to include the rotational degrees
of freedom. Another property that can become significant at nanoscale
are thermal fluctuations. To account for thermal noise in continuum, a
random fluctuating stress tensor S, corresponding to thermal fluctuations,
is introduced to the ns equations [12]:
∇ ⋅ v = 0,
𝜌[
∂v
∂𝑡 + (v ⋅ ∇)v] = −∇𝑝 + 𝜂∇
2v + ∇ ⋅ S,
(4.45)
where the random stress tensor S satisfies:
𝑆𝑖𝑗 = 𝑆𝑗𝑖,
⟨S(r, 𝑡)⟩ = 0,
⟨𝑆𝑖𝑗(r, 𝑡)𝑆𝑘𝑙(r′, 𝑡′)⟩ = 2𝜂𝑘B𝑇(δ𝑖𝑘δ𝑗𝑙 + δ𝑖𝑙δ𝑗𝑘)δ(r − r′)δ(𝑡 − 𝑡′).
(4.46)
In this section, we derive the mean square displacement and the diffusion
coefficient of center of mass of water in an oscillating cnt from fluctuating
hydrodynamics. Much of the derivation in this section is similar to the
derivation in section 4.2.3. We consider a water slab of length 𝐿 in a cnt of
radius 𝑅 with the fluid-solid interface subjected to the nbc. The nanotube is
oscillating uniformly with velocity 𝑤 = 𝑤0ei𝜔𝑡. We simplify the problem by
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assuming that the fluid flow is axial, v(r, 𝑡) = 𝑣(r, 𝑡)e𝑧. With this assumption






𝑟 𝑢 + 𝜁(𝑟, 𝑡),




where 𝑢(𝑟, 𝑡) = 1/(2π𝐿) ∫𝐿0 ∫
2π
0 𝑣(r, 𝑡) d𝜙 d𝑧 is the average velocity of a shell






∂𝑟). 𝜁 is the
thermal noise term satisfying:
⟨𝜁(𝑟, 𝑡)⟩ = 0,







where ∇𝑟 = ∂/∂𝑟 + 1/𝑟. Here, we have assumed that the components of the
noise tensor scale like the components of the stress tensor, we thus keep
only the ∇𝑟𝑆𝑧𝑟 term [91, 92]. We begin to solve the differential equation by
first homogenizing the bc using the substitution: 𝑢(𝑟, 𝑡) = 𝑤0ei𝜔𝑡 + 𝑢′(𝑟, 𝑡).












This differential equation can now be solved with the eigenfunction expan-
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π𝑅2𝐿𝜌2J21(𝛼𝑛𝑅)(1 + 𝑙2s 𝛼2𝑛)
.
(4.52)
Replacing the eigenfunction expansions into equation (4.49), we obtain the






𝑖 𝑢𝑖 = 𝜁𝑖(𝑡) − 𝑏𝑖ei𝜔𝑡. (4.53)
The solution of the above differential equation long after the initial condi-
tions is:
𝑢𝑖(𝑡) =
𝑏𝑖𝜌(i𝜔𝜌 − 𝜂𝛼2𝑖 )






𝑖 (𝑡−𝑡′)/𝜌 𝜁𝑖(𝑡′) d𝑡′. (4.54)
Putting it all back together, we obtain:






𝑏𝑖𝜌(i𝜔𝜌 − 𝜂𝛼2𝑖 )












𝑖 (𝑡−𝑡′)/𝜌 𝜁𝑖(𝑡′) d𝑡′. (4.55)















4𝜔𝜌(𝜔𝜌 + i𝜂𝛼2𝑖 )














𝑖 (𝑡−𝑡′)/𝜌 𝜁𝑖(𝑡′) d𝑡′. (4.56)
From here, we can obtain the center of mass displacement by integrating






























𝑖 (𝑡′−𝑡″)/𝜌 𝜁𝑖(𝑡″) d𝑡″ d𝑡′. (4.57)
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Finally, we obtain the diffusion coefficient of center of mass from the mean













We show that there are two independent contributions to the mean square
displacement of center of mass. The first contribution is due to thermal
fluctuations and for long times it results in a linear mean square displace-
ment dependence on time. The other contribution to the mean square
displacement is due to the oscillating walls of the cnt. We observe that the
oscillating walls introduce oscillations to the mean square displacement,
whose time-average is zero. Thus, the oscillations of cnt walls do not con-
tribute to diffusion, and the diffusion coefficient is independent of the cnt
oscillations. Furthermore, the obtained diffusion coefficient is in agreement
with the expression for the diffusion coefficient of center of mass presented
by Detcheverry and Bocquet for non-oscillating cnts [92, 94].
We observe that the derived diffusion coefficient is inversely proportional
to the length of the water slab 𝐿. This is also observed in md simulations [51].
We also observe that the obtained diffusion coefficient corresponds to the
Einstein relation between the diffusion coefficient and mobility 𝐷 = 𝑘B𝑇 𝑏,
where 𝑏 = (1 + 4𝑙s/𝑅)/(8𝜂π𝐿) is the mobility [12].
In this section, we have shown that in the continuum description of fluc-
tuating hydrodynamics, the oscillations of cnt walls do not contribute to
the diffusion of center of mass of water. Hence, we argue that the diffusion
enhancement can be captured only from a finer scale model, such as md,
where the cnt/water friction depends on the cnt potential and state. Ad-
ditional md simulations have shown that the phonon modes of the cnts
have only a small effect on the flow rates [51].
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5 Splay–density coupling in
semiflexible polymer melts
Thus far, we have studied fluid flow past and through fullerene molecules.
Now, we turn our attention to polymer chain melts and their associated con-
tinuity equations linking the polymer chain density and directional fields
[95]. These continuity equations are a consequence of the microscopic poly-
mer chain connectivity [95, 96]. In this chapter, we perform mc simulations
of semi-flexible polymers with variable lengths and flexibilities. We use a
recently developed mesoscopic model, which describes the polymer chains
as discrete worm-like chains [97]. With mc simulations, we explore the
splay–density coupling.We extract the splay–density strength through cal-
culating the structure factors and the director fluctuation correlations, and
we show that increased density of chain folds weakens the splay–density
coupling.
5.1 Vectorial conservation equation
In nematic polymers, defects are closely related to the density [98–100]. The
coupling between the polymer density and directional fields is described
by the continuity equation [95, 101–104]
∇ ⋅ (𝜌𝑙0a) = 𝜌+ − 𝜌−, (5.1)
where 𝜌 is the density of chain segments of length 𝑙0, 𝜌+ and 𝜌− are the
densities of beginnings and endings of chains, and a is the order vector. The
quantity on the left represents the “polymer current” j = 𝜌𝑙0a. The chain
beginning and ends densities on the right on the other hand represent the
sources and sinks for the chain current. The interpretation of the above
continuity equation is, therefore, straightforward. If we integrate the above
equation over a volume, the continuity equation tells us that the difference
in the number of chains entering and exiting the volume is equal to the
difference of chain endings and beginnings. The above continuity equation
assumes that direction can be ascribed to polymers and the polar order can
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Figure 5.1: A schematic of a folded polymer chain. In figure (a), the op-
positely orientated chain segments cancel each other out in the
order parameter a. In figure (b), chain is cut at points where
it reverses order with respect to the nematic director n. Chain
segments are then reoriented such that they have the same direc-
tion with respect to the nematic director. This reversal of chain
segments introduces new +2 sources and −2 sinks at the points
of cuts because now either two chain beginnings or two chain
ends meet there.
be defined (i.e. vector a). Nematic ordering, however, is apolar. Nevertheless,
the above continuity equation has often been used for nematic polymers.
The application of the continuity equation was usually accompanied with
requirement that the polymers chains do not fold [97]. Chain folds pose a
problem, because a folded chain reduces the polar ordering, while at the
same time the nematic ordering is conserved.
Recently, it has been shown that the vectorial conservation equation (5.1)
can be applied to nematic polymers with arbitrary number of folds by
introducing a “recovered polar order” ar [105]. The recovered polar order
ar is obtained by introducing cuts to the polymer chains at the points where
the chains reverse direction with respect to the nematic director (figure 5.1).
After cutting all the chains, the chains are reoriented such that they have
the same direction with respect to the nematic director. At the points of the
cuts, either two chain beginnings or two chain ends meet. Thus, new +2
sources and −2 sinks are introduced. The vectorial continuity equation is
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now rewritten as
∇ ⋅ (𝜌𝑙0ar) = 𝛥𝜌𝑠±,
𝛥𝜌𝑠± = 𝜌+ − 𝜌− + 2𝜌2+ − 2𝜌2−,
(5.2)
where we now count both the sources and sinks form the chain beginnings
and ends as well as the sources and sinks introduced by the chain cuts.
5.2 Splay–density coupling strength
The equilibrium densities of chain beginning and endings are 𝜌+0 = 𝜌
−
0 =
𝜌±0 /2. Because the polymer chains are apolar and there is no difference
between the chain beginnings and ends we can write the deviations of
densities from equilibrium as [105]
𝜌+ − 𝜌+0 = −(𝜌












𝜌+2 − 𝜌+20 = −(𝜌





By considering the chain beginnings and ends, and chain folds as non-
interacting ideal gases, the free energy cost of density deviations from
















We would like, however, to express the free energy in terms of the total
source density 𝛥𝜌𝑠± form equation (5.2), which is obtained by averaging












The above free energy is the penalty potential for deviations of sources den-
sity from equilibrium, the right hand side of the constraint in equation (5.2),
with 𝐺 representing the strength of the constraint.
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where ∂𝑧 = n0 ⋅ ∇ represents derivation along the nematic director n0 and
∇⊥ derivation in the plane orthogonal to the nematic director. We have
expanded the polymer chain segment density and nematic directors around
equilibrium values with 𝜌 = 𝜌0 +𝛿𝜌 and n = n0 +𝛿n, we have neglected the
nematic order (𝑎r) fluctuations. 𝐵 is the compressibility modulus, penalizing
polymer density fluctuations from the equilibrium density. Next to the
splay–density coupling strength constant 𝐺 we have now used the left hand
side of equation (5.2). The second line of equation (5.7) is the standard
Frank free energy density, where 𝐾1, 𝐾2 and 𝐾3 are the splay, twist and
bend elastic constants [98]. By performing a Fourier transform of the free
























⊥ + 𝐾3𝑞2∥ )∣𝛿𝑛T∣
2,
(5.8)
where 𝐺 = 𝐺(𝜌0𝑙𝑜𝑎r𝑜)2. The coordinate system is shown in figure 5.2. 𝛿n
is orthogonal to n0, 𝑞∥ is the component of vector q along n0 and q⊥ is
the component orthogonal to n0. 𝛿𝑛L and 𝛿𝑛T are the components of 𝛿n
parallel and orthogonal to q⊥ respectively. Assuming that the probability of






𝑞2⊥ + (𝐾1𝑞2⊥ + 𝐾3𝑞2∥ )/𝐺
𝐵𝑞2⊥ + (𝐵/𝐺 + 𝑞2∥ )(𝐾1𝑞2⊥ + 𝐾3𝑞2∥ )
,
(5.9)
where 𝑁 is the total number of chain segments of length 𝑙0. The longitudinal


















Figure 5.2: Definition of the coordinate system. 𝑞∥ and q⊥ are the com-
ponents of vector q parallel and orthogonal to n0 respectively,
𝛿𝑛L is the component of n along q⊥, and 𝛿𝑛T is the component
orthogonal to n0 and q⊥.
The above correlations dependence on 𝐺 makes them suitable for determin-
ing the splay–density coupling strength from simulations.
5.3 Monte Carlo simulations
We perform mc simulations of polymer chains. By determining the structure
factors and longitudinal director fluctuation autocorrelations, we determine
the strength of the splay–density coupling. Verifying the predictions of
macroscopic theory with molecular level computer simulations of poly-
mer nematics is challenging since such simulations must address the long-
wavelength limit and realize different regimes of chain folding. Thus, it is
essential to consider large systems containing long polymer chains [106]. We
fulfill these requirements by employing a recently developed mesoscopic
model which describes the polymer chains as discrete worm like chains [97].
The modeled system contains 𝑁c chains comprised of 𝑁s linearly connected
straight segments of length 𝑙0. The interaction in the model are split into








u𝑐,𝑠 ⋅ u𝑐,𝑠+1, (5.11)
where u𝑐,𝑠 is the unit vector along the 𝑠-th segment of the 𝑐-th chain and
the unit vectors u𝑐,𝑠 are aligned such that the consecutive segments are con-
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Figure 5.3: Worm like chain model. Chains are composed of straight seg-
ments of length 𝑙0. Around the center of each segment we imag-
ine a constant spherical distribution of radius 𝜎. The strength
of the non-bonded interaction between two segments is propor-
tional to the volume of the overlap of the two spheres belonging
to the two segments.
nected to each other head to tail. 𝜀 is the stiffness parameter. The nonbonded
iteractions are modeled using soft potentials. The interaction between two
segments is proportional to the overlap of two constant, spherical distribu-





4π𝜎3 if |r − r𝑐,𝑠| ≤ 𝜎,
0 else,
(5.12)
where r𝑐,𝑠 is the position vector of the center of the 𝑠-th segment on the 𝑐-th
chain. The radius of the spherical distributions 𝜎 controls the nonbonded
interaction range. When the the two segments are close enough, that is

























3 q𝑐1,𝑠1 ∶ q𝑐2,𝑠2], (5.14)
where q𝑐,𝑠 = (3u𝑐,𝑠 ⊗u𝑐,𝑠 − I)/2 is the segment quadrupole, with I being the
identity matrix. The isotropic part of the nonbonded potentials controls the
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(a) Reptation trial move. A segment from
either the beginning or the end of the
chain is removed (gray segment) and
a new segment is placed at the other
end of the chain (red segment), where
the direction of the new segment is
chosen randomly.
(b) Rotation trial move. A joint is chosen
at random. This joint is then rotated
by a random angle around the axis
penetrating the tail and the head of
the segments forming the joint.
Figure 5.4
compressibility via the compressibility parameter 𝜅. The other, anisotropic,
part of the potential controls the nematic order and is parametrized by the
nematic parameter 𝜈. To verify the predictions of the macroscopic theory it
is sufficient to employ a generic model with single “microscopic” length
scale. Hence, we set 𝜎 = 𝑙0, although other choices are possible when
modeling actual materials [108, 109].
We carry out mc simulations in the isothermal-isobaric ensemble. Work-
ing in the isothermal-isobaric ensemble is computationally expensive, how-
ever preferred here in order to exclude the coexistence of the isotropic and
nematic phases in the entire range of the considered parameters. The simu-
lations are performed in cubic boxes of side length 𝐿 with pbc, where the
size of the box is free to change during the simulations. We sample the phase
space by performing reptation and rotation moves. The choice between
a reptation or rotation trial move is made randomly, with the probability
of choosing a reptation move being 70 %. The reptation trial moves are
performed by first choosing a random chain and randomly choosing the
direction of the reptation (see figure 5.4a). In case the forward direction
is chosen, the first segment (i.e. the segment 𝑠 = 1) is removed from the
beginning of the chain and placed at the end of it. The new direction of the
segment placed at the end of the chain is chosen randomly. After moving
the chosen segment from one end of the chain to the other, the segment
indices are shifted by 1, such that the new initial segment obtains index 𝑠 = 1
and the newly placed segment obtains index 𝑠 = 𝑁s. A similar procedure
is done for the reverse reptation. The rotation trial moves are performed
by randomly choosing a chain and a joint on that chain (the contact point
between two consecutive segments 𝑠 and 𝑠 + 1). The joint is then rotated
by a random angle around the axis penetrating the tail of segment 𝑠 and
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the head of segment 𝑠 + 1 (see figure 5.4b). The trial move is then accepted
with probability [110]
𝐴 = min [1, e−𝛽(𝐸′−𝐸)], (5.15)
where 𝐸 is the energy of the system before the trial move and 𝐸′ after the
trial move. The system state is recorded every 500 sweeps, where one sweep
is considered to be 𝑁c𝑁s trial moves.
After every sweep, we perform a resize move [110]. The trial resize moves
are performed by resizing the simulation box side lengths by 𝛿𝐿. 𝛿𝐿 are
chosen randomly from a uniform distribution in the range (−0.05𝑙0, 0.05𝑙0).
The chain center of mass coordinates r𝑐 = ∑
𝑁s
𝑠=1 r𝑐,𝑠/𝑁s are then rescaled
by r′𝑐 = r𝑐𝐿′/𝐿, where 𝐿′ = 𝐿 + 𝛿𝐿 is the box side length after the resizing.
This is achieved by translating each segment of chain 𝑐 by r𝑐(𝐿′/𝐿 − 1). The
resize trial moves are accepted with probability
𝐴 = min [1, e−𝛽𝑃(𝑉′−𝑉)e−𝛽(𝐸′−𝐸)e𝑁c ln (𝑉′/𝑉)], (5.16)
where 𝑃 is the pressure, and 𝑉 = 𝐿3 is the simulation box volume before
the trial resize and 𝑉′ = 𝐿′3 after.
We conduct simulations of chains with two different flexibilities: 𝜀/𝑘B𝑇 =
3.284 and 𝜀/𝑘B𝑇 = 0 corresponding to stiff and flexible chains respectively.
In both cases, we consider chains with 𝑁s = {32, 64, 128} segments. We
empirically set the compressibility parameter to 𝜅/𝑘B𝑇 = 6.58 and the
nematic parameter to 𝜈/𝑘B𝑇 = 3.33 and 𝜈/𝑘B𝑇 = 6.66 for the stiff and flexible
chains respectively. For this compressibility, the repulsive interactions are
strong enough to furnish a stable polymer liquid (positive compressibility)
but remain sufficiently “soft” for efficient simulations [108]. Our choices of
the nematic parameter 𝜈 lead to stable nematic order in all considered cases.
We set the pressure at 𝑃𝑙30/(𝑘B𝑇) = 2.87, which results in systems volume
fluctuations of ∼ 1 %.
With these parameters, we study nematic monodomains containing 𝑁 =
𝑁c𝑁s = 218 segments (figure 5.5). The monodomains are equilibrated
through mc starting from configurations where all chains are stretched in
the 𝑧 axis of the laboratory frame, having their centers of mass randomly
distributes. The initial length of the simulation box side is 𝐿/𝑙0 = 64.
During the simulation runs, the nematic direction and the system volume
are free to fluctuate. This poses a problem for the calculation of the structure
factor and the longitudinal director fluctuation autocorrelations, because we
would like to express them in terms of 𝑞∥ and 𝑞⊥. The scattering vectors in
the simulation, however, are determined by the pbc and their components
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(a) (b)
Figure 5.5: (a) A representative configuration of a nematic polymer melt
with chains with 𝑁s = 128 segments and stiffness 𝜀/𝑘B𝑇 = 0 (i.e.
flexible chains). The chains are colored with different colors for
better visibility. (b) An example of a single chain with folds be-
longing to the simulated melt from figure (a). The green and red
colored portions of the chain represent the different orientations
of the chain segments with respect to the nematic director [53].
in the laboratory frame are given by 𝑞𝑖 = 2π𝑗/𝐿, where 𝑗 is an integer. We
overcome the problem by calculating the autocorrelation functions in the
laboratory frame. Each value at the discrete q in the laboratory frame is
then assigned to a corresponding bin representing (𝑞∥, 𝑞⊥), and the values
in each bin are averaged. The bins are squares with side length 𝛿𝑞 and the
representative scattering vectors in the center of the squares. We perform
this for each configuration separately.
From recorded configurations, we also extract the average recovered polar
order 𝑎r0, the densities of chain segments 𝜌0, chain ends 𝜌± and chain folds
𝜌2±. In all cases, we use block averaging with block size 𝜏, where 𝜏 is the
number of mc sweeps needed to decorrelate the end-to-end vector of the
polymer chains. Computationally most severe are the stiff chains with
𝑁s = 128 segments, where 𝜏 is as high as 130 000 and we reached a mc
sequence of 48𝜏. In the other cases, the runs in terms of 𝜏 were longer.
Figures 5.6 and 5.7 depict the computed landscapes of the structure factor
and the longitudinal director fluctuation autocorrelation function for stiff
and flexible chains with 𝑁s = 128 segments [53]. The figures also show the
fitted surfaces of the theoretical expressions in equations (5.9) and (5.10)
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(a) Stiff chains (b) Flexible chains
Figure 5.6: The structure factors 𝑆(𝑞⊥𝑙0, 𝑞∥𝑙0) calculated in simulations (col-
ored surface) and the fitted surfaces (transparent wireframe) of
the theoretical expression in equation (5.9) for the stiff (a) and
flexible chains (b) with 𝑁s = 128 segments [53].
(a) Stiff chains (b) Flexible chains
Figure 5.7: The longitudinal director fluctuation autocorrelation
𝐷L(𝑞⊥𝑙0, 𝑞∥𝑙0) calculated in simulations (colored surface)
and the fitted surfaces (transparent wireframe) of the theoretical
expression in equation (5.10) for the stiff (a) and flexible chains
(b) with 𝑁s = 128 segments [53].
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Figure 5.8: Strength of the constraint 𝐺 = 𝐺/(𝜌0𝑙0𝑎0)2, determined from
the fits of the mc structure factor (figure 5.6) and longitudinal
director fluctuation autocorrelation (figure 5.7) landscapes, as a
function of the inverse density of the chain ends and chain folds.
The red solid line represents the theoretical prediction of equa-
tion (5.6) and the dashed line represents the fit of equation (5.18)
to the three points representing the stiff chains [53].
from which we obtain the parameters 𝐵, 𝐺, 𝐾1 and 𝐾3.
Using the average segment density 𝜌0 and recovered polar order 𝑎r0, we
obtain the splay–density coupling strength 𝐺 from the fit parameter 𝐺 =
𝐺(𝜌0𝑙0𝑎r0)2. Figure 5.8 shows 𝐺 as a function of the inverse density of chain
ends and chain folds as the equation (5.6) suggests. The results confirm the
relevance of the theoretical prediction of equation (5.6). In particular, the
slopes are in a remarkable agreement. Moreover, the points corresponding
to the flexible chains show a highly reduced splay–density coupling, thus
confirming the concept of the recovered polar order and the applicability
of the conservation equation (5.2) formulated on its basis, as well as the
role of backfolds as sources in this conservation equation. Table 5.1 lists the
average number of folds per chain, showing the increased chain folding for
the flexible chains.
Even though the determined 𝐺 is in remarkable agreement with the the-
oretical predictions of equation (5.6), we observe a constant offset for the
stiff chains. We attribute the offset to the fact that the noninteracting gas
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𝜀/𝑘B𝑇 (stiffness) 𝑁s folds per chain
3.284 (stiff)
32 0.3332 ± 0.0005
64 0.5828 ± 0.0004
128 1.078 ± 0.001
0 (flexible)
32 11.8874 ± 0.0004
64 23.970 ± 0.001
128 48.155 ± 0.002
Table 5.1: Average number of folds per chain in simulations with stiff and
flexible chains of different lengths [53].
idealization was used for the chain ends and chain folds in the derivation
of equation (5.6), where in fact this is not completely true. Figure 5.9 shows
the chain end-to-end and chain fold-to-fold Radial Distribution Functions
(rdf) of stiff and flexible chains with 𝑁s = 128 segments. The figure depicts
various kinds of deviations from the ideal gas behavior (𝑔(𝑟) = 1). The
chain folds rdfs have a complex structure, which is due to the contributions
from the chain folds of the same chain. Small distances between sequential
chain folds along the same chain can only assume specific values, thus we
observe the pronounced peaks in the rdfs. The chain end rdfs are much
simpler on the other hand. For distances 𝑟 < 2𝑙0, we observe repulsion
between chain ends, which suggests a gas with a repulsive potential. The
simplest correction to the noninteracting gas idealization is to add an effec-
tive potential dependent on the chain ends and chain folds density to the
free energy







By expanding the above free energy around 𝜌𝑠±0 = 𝜌














This could explain the offset of the determined 𝐺. The splay–density cou-
pling strength with the offset is shown in the figure 5.8 with the dashed
line, showing a remarkable agreement with the 𝐺 determined from the
simulations.
In this section, we have presented a description of the splay–density
coupling in nematic polymer melts with polymer chain folds. We have
used a vectorial continuity constraint for the “recovered polar order” and
introduced chain folds as its new type of sources. By performing detailed mc
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Figure 5.9: rdfs of chain ends and chain folds for stiff (black) and flexible
(red) chains with 𝑁s = 128. The end-to-fold rdfs are qualita-
tively similar to the fold-to-fold rdfs and are thus not shown
[53].
simulations of nematic monodomain melts of “soft” worm like chains with
variable length and flexibility, we have showed, via structure factors and
director fluctuation autocorrelation functions, that chain folding weakens
the splay–density coupling. We have demonstrated how this weakening can
be consistently quantified on the macroscopic level. We have also probed
and discussed the deviations from the noninteracting gas idealization of
the chain ends and backfolds.
5.4 Tensorial conservation equation
In section 5.1, we presented the vectorial conservation equation and the
problem we encounter when applying it to apolar polymers. Unlike polar
order, the quadrupolar order does not assume a direction of chains. Thus,
a tensorial conservation equation based on the quadrupolar moment of
polymer chains would be more appropriate [95, 96]. The framework of
the tensorial continuity equation, however, is a novel concept and not fully
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where 𝑄𝑖𝑗 is the tensorial order parameter, with 𝑑𝑖 the 𝑖-th Cartesian compo-
nent of the chain segment tangential unit vectors d. 𝑘𝑖 represents the 𝑖-th
component of the average chain curvature and 𝑔𝑖 the 𝑖-th component of the
chain ends density. Chain ends are now represented by unit vectors, which
point in the tangential direction of the chain towards the chain length. Thus,
the chain ends are now sources of a vectorial quantity instead of a scalar
quantity. The significance of the tensorial continuity equation can again be










+ 𝜌𝑘𝑖) d𝑉 (5.20)
The left hand side represents a flow of the “polymer direction” out of the
volume (the surface of the volume defines the forward/backward direction).
Thus, the sum of the polymer directions exiting the volume must be equal
to the sum of the directed polymer ends and the polymer curvature inside
the volume. We see that in the tensorial conservation equation, the chain
curvature represents an additional “polymer direction” source.
In the isotropic phase, we have 𝜌 = 𝜌0, 𝑄𝑖𝑗 = 0, 𝑔𝑖 = 0 and 𝑘𝑖 = 0. From










In contrast to the vectorial constraint in equation (5.1), which for fluctuations
in the isotropic phase reads as 𝜌0𝑙0∇ ⋅ 𝛿a = 𝛥𝜌± , fluctuations of the nematic
order and density are coupled in the tensorial constraint. Similarly as for
the vectorial constraint, we assume a free energy cost of source density (𝑔𝑖






























5.4 Tensorial conservation equation
where 𝐴 is the “nematic order stiffness” and 𝐿 is the elastic constant. The





















where 𝐺 = 𝐺(𝑙0𝜌0)2. Because the system is isotropic the directions can be
chosen arbitrarily and it is convenient to set q = 𝑞ê𝑧. In such coordinate








































































12𝐴𝐵 + [12𝐵𝐿 + (3𝐴 + 8𝐵)𝐺]𝑞2 + 3𝐺𝐿𝑞4
.
(5.25)
The last negative correlation of 𝛿𝜌 and 𝛿𝑄𝑧𝑧 is the signature of the tensorial
constraint and it vanishes in the absence of the tensorial constraint when 𝛿𝜌
and 𝛿𝑄𝑧𝑧 are decoupled.
In order to explore the tensorial conservation equation, we perform mc
simulations of polymer chains with 𝑁s = 128. We consider monodomains
containing 𝑁 = 𝑁c𝑁s = 218 segments. To realize an isotropic phase we
set the parameter 𝜈, characterizing the anisotropic interaction, to zero. We
leave the compressibility at 𝜅/𝑘B𝑇 = 6.58, and set the stiffness parameter
to 𝜀/𝑘B𝑇 = 3.284 and 𝜀/𝑘B𝑇 = 0, corresponding to stiff and flexible chains
respectively. From the accumulated configurations, we extract the corre-
lation functions and fit equation (5.25). We fit in stages. First, we fit the
⟨𝛿𝑄2𝑥𝑦⟩ correlation function to obtain parameters 𝐴 and 𝐿. Then, using the
already obtained parameters 𝐴 and 𝐿, we fit the ⟨𝛿𝑄2𝑥𝑧⟩ correlation function
97
5 Splay–density coupling in semiflexible polymer melts










































Figure 5.10: Autocorrelation functions ⟨𝛿𝑄2𝑥𝑦⟩, ⟨𝛿𝑄2𝑥𝑧⟩, ⟨𝛿𝑄2𝑦𝑧⟩ and ⟨𝛿𝑄2𝑧𝑧⟩ for
stiff (𝜀/𝑘B𝑇 = 3.284) and flexible (𝜀/𝑘B𝑇 = 0) chains. The curves
represent the fits of equations (5.25). We fit ⟨𝛿𝑄2𝑥𝑦⟩ directly, ob-
tain the parameters 𝐴 and 𝐿, and use them in fitting of ⟨𝛿𝑄2𝑥𝑧⟩,
from which we determine 𝐺. The ⟨𝛿𝑄2𝑧𝑧⟩ is fit completely indi-
rectly, where the other parameter (𝐵) is obtained by fitting the
structure factor (figure 5.11a) with the already obtained 𝐴, 𝐿
and 𝐺.
𝜀/𝑘B𝑇 (stiffness) 𝐵𝑙30/𝑘B𝑇 𝐺/(𝑙30𝑘B𝑇) 𝐴𝑙30/𝑘B𝑇 𝐿𝑙0/𝑘B𝑇
3.284 (stiff) 5.76 ± 0.07 2.49 ± 0.04 1.223 ± 0.005 0.10 ± 0.02
0 (flexible) 5.96 ± 0.06 0.10 ± 0.03 3.232 ± 0.005 0.00 ± 0.02
Table 5.2: Fit parameters for fits of equation (5.25) in figures 5.10, 5.11a
and 5.12.
to obtain 𝐺 (figure 5.10). The choice between fitting the ⟨𝛿𝑄2𝑥𝑧⟩ and ⟨𝛿𝑄2𝑦𝑧⟩
correlation functions is arbitrary. Once we have parameters 𝐴, 𝐿 and 𝐺
we use these parameters in the fit of the structure factor (equation (5.25)),
from which we obtain the parameter 𝐵 (figure 5.11a). We do not directly
fit ⟨𝛿𝑄2𝑧𝑧⟩ (figure 5.10) and ⟨(𝛿𝜌/𝜌0)𝛿𝑄𝑧𝑧⟩ (figure 5.12) correlation functions,
we use the parameters obtained from the fits described. The fit parame-
ters are listed in table 5.2. We find that the ⟨𝑄2𝑥𝑦⟩, ⟨𝑄2𝑥𝑧⟩, ⟨𝑄2𝑦𝑧⟩ and ⟨𝑄2𝑧𝑧⟩
autocorrelation functions in figure 5.10 are in remarkable agreement with
the theoretical predictions of equation (5.25). This holds for the indirectly
fit ⟨𝑄2𝑧𝑧⟩ as well as for the directly fit ⟨𝑄2𝑥𝑦⟩ and ⟨𝑄2𝑥𝑧⟩. In the case of the
structure factor in figure 5.11a, however, the predictions match the struc-
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Figure 5.11: Structure factor of the isotropic monodomains with stiff
(𝜀/𝑘B𝑇 = 3.284) and flexible (𝜀/𝑘B𝑇 = 0) chains. (a) The curves
represent the fits of equation (5.25), where only parameter 𝐵
is directly calculated by the fitting to the determined structure
factors. 𝐴, 𝐿 and 𝐺 are obtained from fits of ⟨𝛿𝑄2𝑥𝑦⟩ and ⟨𝛿𝑄2𝑥𝑧⟩
(figure 5.10). (b) The same structure factors (solid lines) calcu-
lated to larger scattering vectors. The dashed lines depict the
single-chain structure factors [112].
ture factors determined from the simulations less well. We attribute the
difference in the structure factors to the microstructure due to repulsion
of the chain segments. Figure 5.11b depicts the structure factors calculated
to larger scattering vectors. In addition, the single-chain structure factors
are shown [112]. We see that at larger 𝑞𝑧 the contribution from the single-
chain scattering factor prevails. Figure 5.13 shows the rdf of the chain
segments, from which we can see the repulsion between segments closer
than 𝑟 < 2𝑙0. The repulsion between the segments is independent of the
segment orientation and thus the ⟨𝑄2𝑖𝑗⟩ autocorrelation functions and the
⟨(𝛿𝜌/𝜌0)𝛿𝑄𝑧𝑧⟩ cross-correlation function are less affected. We again observe
the pronounced peaks in the rdfs. These are due to the nearby segments
of a single chain, which have restricted movement. Most importantly, in
figure 5.12 showing the ⟨(𝛿𝜌/𝜌0)𝛿𝑄𝑧𝑧⟩ correlation function, we observe the
negative correlation between 𝛿𝜌 and 𝛿𝑄𝑧𝑧, which is a consequence of the
tensorial constraint. Our simulations are a first indication of the presence of
the tensorial constraint in polymer melts. In the case of flexible chains, when
the tensorial constraint is weaker (see table 5.2), the correlations between
the density and order fluctuations are also weaker.
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Figure 5.12: ⟨(𝛿𝜌/𝜌0)𝛿𝑄𝑧𝑧⟩ correlation function of the isotropic mon-
odomains with stiff (𝜀/𝑘B𝑇 = 3.284) and flexible (𝜀/𝑘B𝑇 = 0)
chains. The red and blue curves represent “indirect” fits of
equation (5.25), where the fit parameters are obtained by fitting
⟨𝛿𝑄2𝑥𝑦⟩, ⟨𝛿𝑄2𝑥𝑧⟩ and ⟨(𝛿𝜌/𝜌0)2⟩ (figures 5.10 and 5.11a).










Figure 5.13: rdf of chain segments for stiff (𝜀/𝑘B𝑇 = 3.284) and flexible
(𝜀/𝑘B𝑇 = 0) chains.
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In this thesis, we studied fluids at nanoscale with a continuum approach.
A popular approach to studying fluids at nanoscale is to perform md simu-
lations. Even at nanoscale, however, the md approach is computationally
quite expensive. In md, the constituent parts of fluid are treated separately.
This means applying the Newton’s equations of motion to each atom or
molecule separately. In the process, all the forces between pairs of particles
must be calculated, which costs processing time. It is thus favorable to
reduce the number of degrees of freedom and describe the phenomena of
interest in a small set of equations. This is not straightforward, however.
Different phenomena can occur at nanoscale, which are not expected from
our experience at macroscale, such as fluid-solid slip. The phenomena at
nanoscale can be roughly separated into two groups: phenomena due to
surface effects and phenomena due to bulk properties. In this thesis, we
studied both kinds of phenomena. In the first part, we studied the sur-
face effects in fluid flows past and through objects of size of the order of
nanometers using cfd and md and in the second part, we studied the bulk
properties of polymer chain melts, specifically we studied conservation
equations for polymer chains by performing mc simulations [38, 45, 51, 53,
111].
In the first part, we used cfd to simulate flows at nanoscale. At nanoscale,
the ratio between the bulk volume and the surface is not small as is the case
at macroscale. Thus, the physics at the surface can affect the bulk behavior
of the liquid significantly. Experiments and simulations have shown that
the standard no-slip bc, which is typically used in fluid flows at macroscale,
is not applicable at nanoscale, that is, that the fluid slips at the bounding
surface. In order to successfully describe the fluid dynamics at nanoscale
with continuum description, we had to use the nbc, which states that the
shear stress at the surface is linearly proportional to the relative velocity
between the fluid and the bounding surface. The parameter of the nbc is
the slip length, which for flat boundaries represents the depth at which the
fluid velocity profile extrapolated into the wall vanishes.
As a first example and a test of our nbc implementation, we simulated
fluid flows past fullerene molecules. First, we simulated flow past a sphere
in an otherwise undisturbed flow and confirmed that the simulations are
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in agreement with the analytical solutions. We then performed simulations
past an array of spherical molecules. As a reference we took a recent multi-
scale simulation. We did not know the slip length in advance. We obtained
the slip length by fitting the cfd simulations to the reference simulation.
Our simulations successfully reproduced the fluid velocity field and drag
on the molecules [38].
Next, we simulated fluid flow through cnt membranes. We again took as
a reference recent md simulations and demonstrated that cfd simulations
together with the nbc replicate the results of the reference simulations.
Utilization of cfd enabled us to simulate cnts of lengths inaccessible to
md simulations at several µm. We observed that a significant amount of
energy dissipation occurs in the vicinity of the cnt entrance and exit. We
thus studied the energy dissipation at the cnt ends in greater detail. The
simulations showed that the pressure losses near the cnt ends have a non-
monotonic dependency on the slip length. To explain this dependency of
the pressure losses on the slip length, we developed a simple model, which
successfully described the dependence. More so, the model accurately
predicted the slip length at which the pressure loss is at its minimum [45].
To further investigate fluid flow through cnts, we turned our attention
to oscillating cnts. A recent study reported the oscillations of cnts, when
subjected to water flow through them. It has been proposed that the phonon
modes of cnts enhance the flow rate. We thus studied the influence of
the cnt oscillations on the fluid flow. We found that oscillating cnt walls
have only a negligible effect on the fluid flow and no effect on the flow
rate [51]. To study the problem further, we included thermal fluctuations
in our equations. Taking thermal fluctuations into account, we solved the
differential equations for fluid flow through long oscillating cnts and
derived the diffusion coefficient of water. The recent report claimed the
increase of diffusion by more than 300 % with the presence of phonons. The
diffusion coefficient that we derived showed that the oscillations of cnt
walls have no effect on the diffusion of water [51]. Indeed, additional md
simulations showed only a small effect of phonon modes in cnts on flow
rates [51].
In the second part of this thesis, we focused on polymer chains. We
studied the conservation equations for polymer chains and the splay-density
coupling that arises from them. First, we performed mc simulations of
nematic polymer melts. In our simulations, we encouraged chain folding,
which presents a problem for the standard vectorial conservation equation.
Our simulations showed that the presence of chain folding weakens the
splay-density coupling. The simulations also provided first evidence that
the chain folds can, in the framework of the vectorial conservation equation,
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be taken into account by introducing the “recovered polar order” [53]. Next,
we examined the newly developed tensorial conservation equation [111].
The tensorial conservation equation does not assume a direction on the
polymer chains and can thus account for chain folding. We performed
mc simulations of polymer chains in an isotropic phase. Our simulations
provided first evidence of presence of the tensorial constraint.
In future perspective, we intend to continue our research of continuum
descriptions of fluid flows at nanoscale. In particular, we would like to
improve on the drag coefficient expression for spheres with large slip lengths
at higher Reynolds numbers flows. We would also like to study the behavior
and simulate a collection of spherical molecules. Our ultimate goal is to
join the continuum simulations with the md simulations, such that they
run simultaneously and exchange information at the interface joining the
regions of different resolutions. To accomplish this, first the behavior of
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Nanofluidika je področje znanosti, ki preučuje dinamiko tekočin v okolici
nanomaterialov. Nanomateriali so snovi, ki so vsaj v eni dimenziji velike
med 1–100 nm. Ena skupina tehnološko zanimivih nanomaterialov so fule-
reni. Fulereni so molekule sestavljene samo iz ogljikovih atomov. Za njihovo
odkritje v letu 1985 so Robert F. Curl Jr., Sir Harold W. Kroto in Richard E.
Smalley leta 1996 prejeli Nobelovo nagrado iz kemije [31–34]. V zadnjem
času so raziskave fulerenov deležne velike pozornosti zlasti zaradi njihove
potencialne uporabe v biomedicini [36, 37]. Poznamo več vrst fulerenov,
na primer: sferične fulerene, v katerih ogljikovi atomi tvorijo kroglaste
strukture, in ogljikove nanocevke, kjer je plast grafena zvita v cilindrično
obliko, katere premer je reda velikosti nanometra [5]. Obetavna lastnost
ogljikovih nanocevk je hidrofobnost njihovih sten, zaradi česar skoznje
lahko tekočine tečejo z velikim pretokom. Pretoki v ogljikovih nanocevkah
so primerljivi s pretoki skozi celične kanale [21, 25, 40–42]. Posledično
uporabnost nanocevk raziskujejo v smeri nanofiltracije in razvoja novih
tehnologij razsoljevanja morske vode [43, 44].
Računalniške simulacije so skupaj z laboratorijskimi poskusi nepogre-
šljiv pripomoček pri odkrivanju lastnosti snovi na nanoskali. Ena izmed
glavnih tovrstnih metod je simulacija molekulske dinamike (md), pri kateri
delce časovno propagiramo v skladu z Newtonovimi enačbami gibanja [4].
Zaradi velikega števila prostostnih stopenj so takšne simulacije ponavadi
računsko zelo potratne, zato smo pri študiju z md omejeni na majhne sis-
teme, ki jih lahko simuliramo na kratkih časovnih skalah. Posledično se
pogosto zatečemo h grobozrnatemu opisu sistema, s katerim več atomi-
stičnih delcev predstavimo kot en sam delec. S sklopitvijo obeh opisov
dobimo večskalni model, pri katerem uporabimo atomistični opis v tistem
delu sistema, kjer nas zanimajo njegovi mikroskopski detajli, drugje pa
uporabimo grobozrnatega [7, 8]. Z omenjeno sklopitvijo pa kljub vsemu
ne moremo ustrezno opisati daljnosežnih hidrodinamskih efektov[9]. Za
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te se je potrebno zateči h kontinuumskemu opisu tekočin, kjer rešujemo
Navier-Stokesove (ns) enačbe. Če želimo del sistema, kjer je to potrebno,
opisati mikroskopsko preostali del pa kontinuumsko, kar je časovno ve-
liko manj potratno, uporabimo hibridne delčno-kontinuumske metode, ki
se v zadnjih letih razvijajo zelo hitro [10, 11]. Obstaja več študij omejitev
kontinuumskih opisov dinamike tekočin. Študija Hansena in sodelavcev je
pokazala, da so ns enačbe primerne za opis dinamike preprostih tekočin
omejenih na prostore velikostnega reda nanometra. Za tekočine zgrajene
iz nesferičnih molekul pa dobimo boljši opis dinamike tekočin omejenih
na nanogeometrije z razširitvijo ns enačb, kjer vključimo vrtilne prostostne
stopnje [15]. Eksperimentalni rezultati Lija in sodelavcev po drugi strani
kažejo, da voda ujeta med hidrofobne stene oddaljene manj kot nanometer
ohrani svojo viskoznost [16]. V primeru hidrofilnih sten pa viskoznost vode
naraste za nekaj velikostnih redov. Poleg tega mnogo študij toka tekočin
skozi membrane ogljikovih nanocevk namiguje, da ns enačbe s primerno
izbiro robnih pogojev ustrezno opišejo tok tekočin na nanoskali [17, 18].
Namen dela
V tej doktorski disertaciji simuliramo tok tekočin mimo in skozi nanomate-
riale z uporabo računske dinamike tekočin, kjer za primeren opis dogajanja
na stiku tekočine s steno uporabimo Navierov robni pogoj. Obravnavamo
vpliv Navierovega robnega pogoja na tok tekočin, kjer zdrsno dolžino, s
katero parametriziramo Navierov robni pogoj, pridobimo s prileganjem na
rezultate referenčnih simulacij md.
Kot prvo uporabo in verifikacijo naše implementacije Navierovega rob-
nega pogoja izvedemo simulacije toka mimo sferičnih molekul. Problem
viskoznega toka mimo ene sfere z Navierovim robnim pogojem je analitično
rešljiv [39]. V robnem primeru, ko je zdrsna dolžina enaka nič, je Navierov
robni pogoj enak standardnemu robnemu pogoju. V tem primeru nam silo
upora tekočine na sfero da Stokesov zakon [12]. V nasprotnem primeru,
ko zdrsna dolžina divergira, imamo robni pogoj brez striga. Nadaljujemo
s simulacijo toka mimo mreže sferičnih molekul fulerenov. Kot referenco
vzamemo nedavno večskalno simulacijo toka mimo molekul fulerenov in s
prileganjem sile upora na molekule izluščimo zdrsno dolžino [29, 38].
V nadaljevanju simuliramo tok tekočin skozi ogljikove nanocevke. Za
ustrezen opis toka skozi ogljikove nanocevke, kjer so volumski pretoki
mnogo večji od napovedi standardne kontinuumske teorije, uporabimo
Navierov robni pogoj. Najprej simuliramo tok vode skozi membrano iz
ogljikovih nanocevk. Kot referenco vzamemo nedavno simulacijo md in
s prileganjem rezultatov kontinuumskih simulacij na rezultate simulacij
116
md izluščimo zdrsno dolžino [41, 45]. Medtem ko bi za simulacije md tako
velikih sistemov morali uporabiti superračunalnik, kontinuumske simulacije
izvajamo na lahko dostopnih modernih računalnikih [41].
Zaradi znatnega zdrsa pri toku vode skozi ogljikove nanocevke, pride
do največjih energijskih izgub v okolici koncev nanocevk [21, 25, 40–42,
46]. Iz tega razloga posvetimo posebno pozornost energijskim izgubam v
okolici koncev ogljikovih nanocevk. Te so v preteklosti pogosto spregledali,
kar je v nekaterih študijah privedlo do zdrsnih dolžin odvisnih od dolžine
nanocevk [41, 46]. V drugih primerih za opis energijskih izgub na koncih
nanocevk uporabljajo približek toka tekočine skozi okroglo odprtino v tanki
steni [46–49]. V naši študiji opazujemo energijske izgube v okolici koncev
nanocevk in vpliv zdrsne dolžine na njih. Razvijemo model, ki pojasni
izvor teh energijskih izgub in njihovo odvisnost od zdrsne dolžine. Model
poleg tega uspešno napove obstoj optimalne zdrsne dolžine, pri kateri so
energijske izgube najmanjše [45].
Nedavna študija je poročala o fononih v ogljikovih nanocevkah pri toku
vode skozi njih [50]. Opazili so povečanje difuzijskega koeficienta za več
kot 300 %. V luči teh opažanj raziskujemo vpliv oscilacij nanocevk na tok
tekočin skozi njih. S kontinuumskimi simulacijami pokažemo, da oscilira-
joče stene nanocevk ne vplivajo na pretočnost nanocevk. Za bolj podrobno
preučitev problema v naši študiji upoštevamo termične fluktuacije in jih
vključimo v Navier-Stokesove enačbe. Diferencialne enačbe rešimo za pri-
mer toka tekočine skozi dolgo oscilirajočo nanocevko in izpeljemo difuzijsko
konstanto vode v ogljikovih nanocevkah [51].
V zadnjem delu disertacije študiramo ohranitvene zakone polimernih
verig in sklopitev defektov orientacijskega reda in gostote, ki izhaja iz ohra-
nitvenih zakonov. Najprej izvajamo simulacije Monte Carlo (mc) talin po-
limernih verig v nematični fazi. Uporabimo različno upogljive verige in
vzpodbudimo zvijanje verig, kar predstavlja problem za standardni ohrani-
tveni zakon, ki ima vektorsko obliko. Naše simulacije pokažejo, da prepogi-
banje polimernih verig ošibi sklopitev deformacij orientacijskega reda in
gostote. S simulacijami tudi pokažemo, da z uvedbo »popravljenega polar-
nega reda« lahko vektorski ohranitveni zakon uporabimo tudi v prisotnosti
prepognjenih verig [53].
Na koncu študiramo še novo razvit tenzorski ohranitveni zakon, ki je
osnovan na kvadrupolnem namesto polarnem redu. Kvadrupolni red za
razliko od polarnega reda ne predvidi smeri polimernih verig. To pomeni,
da se v prisotnosti prepogibanja verig kvadrupolni red ohranja, medtem
ko to ne velja za polarni red. Izvajamo simulacije mc talin polimernih
verig v izotropni fazi in opazimo prve indikacije fenomenov, ki so posledica
tenzorskega ohranitvenega zakona.
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Nanofuidika: modeliranje tekočin na nanoskali
Nanofluidika je izvor mnogih zanimivih fizikalnih pojavov, kot je na pri-
mer energijsko varčna filtracija skozi akvaporine [1, 42, 54]. Akvaporini so
majhni kanali v celičnih membranah. Za študiranje fenomenov in simulacije
na tako mali skali so običajno potrebne metode z visoko resolucijo, kot
so na primer: md ali celo hibride metode tipa qm/mm (Quantum Mecha-
nics/Molecular Mechanics) [4, 7]. Problem takšnih pristopov je v njihovi
računski zahtevnosti. Osnovna ideja simulacij md je integracija Newtonovih
enačb gibanja. Čeprav to ne namiguje na kompleksnost metode, nenehno
reševanje Newtonovih enačb pomeni veliko računsko zahtevnost, ker je v
vsakem časovnem koraku potrebno izračunati sile med pari delcev. Število
parov delcev raste s kvadratom števila delcev, zato hitro dosežemo mejo
zmogljivosti računalnika in simulacije md tipično dosegajo čase reda nekaj
nanosekund [4]. Za doseganje daljših časov in simulacije večjih sistemov bi
bilo zato ugodno zmanjšati število prostostnih stopenj in sistem opisati v le
nekaj enačbah.
Veljavnosti kontinuumskega opisa na nanoskali ne pričakujemo, vendar
več preteklih študij nakazuje na to [2, 16–18, 27, 45, 55]. Bocquet in Charlaix
sta ocenila veljavnost Navier-Stokesovih (ns) enačb na razdalje daljše od
𝑙c = √𝜈𝜏, kjer je 𝜈 kinematična viskoznost in 𝜏 relaksacijski čas korelacijske
funkcije strig-strig [2]. Za vodo je relaksacijski čas 𝜏 ≈ 10−12 s in kinema-
tična viskoznost 𝜈 = 10−6 m2/s, kar nam za limito veljavnosti da 𝑙c ≈ 1 nm.
Eksperimentalni rezultati Lija in ostalih kažejo, da voda ujeta med hidro-
fobne stene oddaljene manj kot nanometer ohrani svojo viskoznost [16].
Delgado-Buscalioni po drugi strani pri študiji kapilarnih valov ugotavlja, da
hidrodinamična teorija velja do valovnih dolžin približno štirih premerov
molekule [10, 59].
Dinamika tekočin je v kontinuumskem opisu podana z ns enačbami [12]
𝜌[
∂v
∂𝑡 + (v ⋅ ∇)v] = −∇𝑝 + 𝜂∇
2v,
∇ ⋅ v = 0
(1)
kjer je 𝑝 hidrostatični tlak, 𝜌 gostota, 𝜂 strižna viskoznost in v hitrost te-
kočine. Kljub temu, da so ns enačbe lahko veljavne na nanoskali, v več
eksperimentih in simulacijah opazijo zdrs tekočine ob steni, zato standardni
robni pogoj brez zdrsa ni primeren na nanoskali [2, 19–25]. Pri tekočinah
omejenih na prostore velikostnega reda nanometra, kjer razmerje med po-
vršino in volumnom ni več zanemarljivo majhno, postane fizika na stiku
tekočine in stene pomembna [2, 24].
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Navierov robni pogoj
V kontinuumskem opisu lahko zdrs tekočine ob steni opišemo z Navierovim
robnim pogojem [26, 60]. Navierov robni pogoj predpostavi linearno odvi-
snost strižne napetosti na stiku med tekočino in steno od relativne hitrosti
med tekočino in steno
𝜎𝑖𝑘𝑛𝑘 = 𝜆𝑣𝑖 − 𝑝′𝑛𝑖, (2)
kjer je 𝜎𝑖𝑘 napetostni tenzor, 𝑛𝑘 je 𝑘-ta kartezična komponenta normale n na
steno, ki kaže proti tekočini. 𝜆 je koeficient trenja med steno in tekočino, 𝑣𝑖
je 𝑖-ta kartezična komponenta hitrosti tekočine v (privzamemo, da je hitrost
tekočine ob steni vzporedna s steno) in 𝑝′ je tlak s katerim tekočina pritiska








) − 𝑝δ𝑖𝑘, (3)
kjer je δ𝑖𝑘 Kroneckerjeva delta. Napetostni tenzor tekočine je prikladno
zapisati v cilindričnem koordinatnem sistemu, kjer koordinatni sistem ori-
entiramo tako, da ima hitrost tekočine samo komponento 𝑣𝜙 različno od nič
in je radialna smer pravokotna na steno (vzporedna z n). Izhodišče koordina-
tnega sistema postavimo tako, da se ukrivljenost valja ujema z ukrivljenostjo
toka tekočine ob steni. Ta ukrivljenost ni nujno enaka glavni ukrivljenosti
stene. Na primer: pri toku tekočine skozi valj je stena ukrivljena medtem
ko tok tekočine ni ukrivljen. Relevantni komponenti napetostnega tenzorja
v cilindričnih koordinatah sta
















Z združitvijo zgornjih enačb in enačbe (2) lahko Navierov robni pogoj
prepišemo v









V zgornjem zapisu smo radij ukrivljenosti stene v smeri toka tekočine ozna-
čili s 𝜅 in 𝑟 zaradi poudarka pravokotne smeri na steno nadomestili z 𝑛. Radij
ukrivljenosti je pozitiven za konveksne (Slika 1) in negativen za konkavne
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Slika 1: Skica Navierovega robnega pogoja. Zatemnjeno območje predstavlja
steno in nezatemnjeno območje nad njo tekočino.
stene. 𝑣𝑛 predstavlja komponento hitrosti tekočine, ki je pravokotna na
steno, in 𝑣𝑡 komponento, ki je vzporedna s steno. V enačbi (5) smo vpeljali
zdrsno dolžino 𝑙s = 𝜂/𝜆, ki za ravne stene (𝜅 → ∞) predstavlja globino, do
katere je potrebno ekstrapolirati hitrostni profil tekočine, da bo ta enak nič.
Na ukrivljenih stenah je globina, na kateri hitrost izgine, efektivna zdrsna





Efektivna zdrsna dolžina je lahko za negativne radije ukrivljenosti 𝜅 in velike
zdrsne dolžine 𝑙s tudi negativna.
Tok tekočine mimo sferičnih molekul
Prva aplikacija naše implementacije Navierovega robnega pogoja so simula-
cije toka mimo objektov s preprosto geometrijo, t.j. mimo sferičnih molekul.
Najprej predstavimo simulacije toka tekočine mimo ene sfere, za tem pred-
stavimo simulacije toka mimo mreže molekul fulerenov.
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Stokesov problem
Rešitev problema viskoznega toka tekočine mimo sfere z Navierovim rob-













kjer je 𝑣∞ hitrost nezmotene tekočine, 𝑅 radij sfere, 𝑅𝑒 = 𝜌𝑣∞𝑅/𝜂 Reynold-
sovo število in 𝐶D koeficient upora. V mejnem primeru 𝑙s/𝑅 = 0 je koe-
ficient upora enak 𝐶D = 12/𝑅𝑒 in je zgornja enačba enaka Stokesovemu
zakonu (𝐹 = 6π𝜂𝑟𝑣∞). V nasprotnem primeru, ko zdrsna dolžina divergira
(𝑙s/𝑅 → ∞) in na stiku sfere in tekočine ni strižne napetosti, je koeficient
upora enak 𝐶D = 8/𝑅𝑒. Zgornja enačba je, tako kot Stokesov zakon, veljavna
za majhna Reynoldsova števila [12]. Za višja Reynoldsova števila, t.j. vse




















Slika 2 prikazuje analitično dobljen koeficient upora iz enačbe (7) in popra-
vek iz enačbe (9). S slike vidimo, da se pri majhnih Reynoldsovih številih
obe enačbi dobro ujemata z rezultati simulacij. Popravek pride do izraza pri
večjih Reynoldsovih številih. Takrat se pri nobeni zdrsni dolžini analitični
izraz za koeficient upora ne ujema z izračunanimi vrednostmi, medtem ko
popravek izboljša napovedi analitičnega izraza. Popravek je pričakovano
bolj točen pri majhnih zdrsnih dolžinah. Pri zdrsni dolžini 𝑙s/𝑅 = 10−3
analitični izraz odstopa od izračunane vrednosti za približno 56 %. Popra-
vek napoved približa k izračunani vrednosti z odstopanjem približno 1 %.
Pri večjih zdrsnih dolžinah je popravek nekoliko slabši. Pri zdrsni dolžini
𝑙s/𝑅 = 103 analitični izraz odstopa od izračunane vrednosti za približno
43 %, medtem ko popravek odstopa za približno 29 %. Popravek je torej
pri srednjih vrednostih Reynoldsovih števil točen za majhne zdrsne dol-
žine (zdrsne dolžine manjše od radija sfere). Za večje zdrsne dolžine pa je
potreben boljši popravek.
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(a) 𝑅𝑒 = 0.065












(b) 𝑅𝑒 = 10
Slika 2: Odvisnost koeficienta upora od zdrsne dolžine za 𝑅𝑒 = 0.065 (a) in
𝑅𝑒 = 10 (b). Krogi predstavljajo koeficient upora dobljen v simulaci-
jah, zelena krivulja analitični koeficient upora iz enačbe (7) in rdeča
popravek iz enačbe (9) [38].
Tok tekočin mimo molekul fulerenov
V nedavni študiji so Walther in sodelavci izvedli večskalno simulacijo toka
vode mimo mreže molekul fulerenov C540 [29]. V tej disertaciji enak pro-
blem rešujemo s kontinuumskim opisom in računsko dinamiko tekočin.
Zdrsno dolžino za Navierov robni pogoj dobimo s prileganjem koeficienta
upora iz konitnuumskih simulacij na koeficient upora iz večskalne simula-
cije. Simulacijski sistem postavimo tako, da je enak sistemu večskalne simu-
lacije. Sfero z radijem 𝑅 postavimo v sredino škatle s stranico 𝐿/𝑅 = 15,53 in
koordinatne osi poravnamo s stranicami škatle tako, da tok teče v smeri osi
𝑥. Na vhodni in izhodni ploskvi škatle nastavimo robni pogoj enakomerno
porazdeljene hitrosti. Na preostalih ploskvah uporabimo periodične robne
pogoje, kar simulira neskončno mrežo molekul fulerenov. Reynoldsovo
število nastavimo na 𝑅𝑒 = 0,065.
Walther in sodelavci so z večskalno simulacijo izračunali koeficient upora
molekule fulerena 𝐶D = 172 ± 10 in določili zdrsno dolžino 𝑙s/𝑅 = 0,58 ter
hidrodinamski radij 𝑅H/𝑅 = 1,18. Z uporabo te zdrsne dolžine in hidrodi-
namskega radija v kontinuumski simulaciji izračunamo za koeficient upora
𝐶D = 217. Do odstopanja pride, ker so Walther in sodelavci pri prileganju
uporabili analitično rešitev toka mimo ene sfere, simulirali pa so tok mimo
neskončne mreže molekul. Slika 3 prikazuje odvisnost koeficienta upora
od zdrsne dolžine. Prikazan je koeficient upora pri toku tekočine mimo
ene sferične molekule in neskončne mreže sferičnih molekul. Opazimo, da
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Slika 3: Odvisnost koeficienta upora od zdrsne dolžine. Krogi predstavljajo
vrednosti izračunane s kontinuumskimi simulacijami. Modra pred-
stavlja koeficient upora za tok tekočine mimo ene molekule fulerena
s hidrodinamskim radijem 𝑅H/𝑅 = 1,00. Modra pikčasta krivulja
predstavlja analitično rešitev iz enačbe (7) in črtkana popravek iz
enačbe (9). Zelena in rdeča barva predstavljata koeficient upora za
tok mimo mreže molekul fulerenov, kjer za zeleno velja 𝑅H/𝑅 = 1,00
in za rdečo 𝑅H/𝑅 = 1,18. Zelena in rdeča krivulja predstavljata pri-
legano funkcijo (10). Črna črta predstavlja koeficient upora dobljen
v večskalni simulaciji [29, 38].
prisotnost sosednjih molekul poveča koeficient upora.
Tukaj zdrsno dolžino določimo s prileganjem koeficienta upora, izra-
čunanega v kontinuumskih simulacijah, h koeficientu upora, dobljenemu
v večskalni simulaciji. Izvedemo kontinuumske simulacije pri različnih
zdrsnih dolžinah za hidrodinamska radija 𝑅H/𝑅 = 1,00 in 𝑅H/𝑅 = 1,18.




𝑐 + 𝑥 . (10)
Iz prileganja dobimo parametre 𝑎, 𝑏 in 𝑐, iz katerih dobimo zdrsno dolžino
tako, da izračunamo inverz prilegane funkcije 𝑓 −1(𝑥) = (𝑎𝑏 − 𝑐𝑥)/(𝑥 − 𝑎),
kjer za 𝑥 postavimo koeficient upora iz večskalne simulacije 𝐶D = 172.
Za hidrodinamski radij 𝑅H/𝑅 = 1,00 dobimo zdrsno dolžino 𝑙s/𝑅 = 0,65.
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Slika 4: Hitrostni profil toka tekočine mimo molekule fulerena. Kompo-
nenta 𝑥 hitrosti tekočine vzdolž osi 𝑥 (a) in vzdolž osi 𝑦 (b). S čr-
nimi simboli X je prikazan hitrostni profil izračunan v večskalni
simulaciji. Krivulje prikazujejo hitrostni profil izračunan s kontinu-
umskimi simulacijami, kjer zelena krivulja predstavlja simulacijo
z 𝑅H/𝑅 = 1,00 in 𝑙s/𝑅 = 0,65, rdeča krivulja z 𝑅H/𝑅 = 1,18 in
𝑙s/𝑅 → ∞ ter modra krivulja z 𝑅H/𝑅 = 1,18 in 𝑙s/𝑅 = 0,58 [38].
Postopek ponovimo s hidrodinamskim radijem 𝑅H/𝑅 = 1,18 iz večskalne
simulacije. V tem primeru je koeficient upora ne glede na zdrsno dolžino
večji od koeficienta upora dobljenega v večskalni simulaciji (rdeča krivulja
na sliki 3 je nad črno črto) in je najoptimalnejša zdrsna dolžina 𝑙s/𝑅 → ∞.
Slika 4 prikazuje hitrostni profil izračunan v kontinuumskih simulacijah
in v večskalni simulaciji. Opazimo, da se hitrostni profil iz simulacij, kjer sta
hidrodinamski radij in zdrsna dolžina enaka 𝑅H/𝑅 = 1,00 in 𝑙s/𝑅 = 0,65 ter
𝑅H/𝑅 = 1,18 in 𝑙s/𝑅 → ∞, bolje ujemata s hitrostnim profilom iz večskalne
simulacije kakor simulacija, kjer za hidrodinamski radij in zdrsno dolžino
uporabimo vrednosti iz večskalne simulacije (t.j. 𝑅H/𝑅 = 1,18 in 𝑙s/𝑅 =
0,58). Opazimo tudi, da s hkratnim večanjem hidrodinamskega radija in
zdrsne dolžine, dobimo podobne rezultate. Z večanjem hidrodinamskega
radija je namreč potrebno hitrostni profil ekstrapolirati globlje, da bo ta
izginil, in je zato potrebna tudi večja zdrsna dolžina.
Tok vode skozi ogljikove nanocevke
V zadnjih letih so eksperimenti in simulacije pokazali, da lahko tok tekočine
skozi naravne in umetne nanokanale omogoča nepričakovano velike volum-
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ske pretoke [21, 25, 40–42, 67]. To odkritje je vzbudilo veliko zanimanja za
nove aplikacije, kot je na primer energijsko učinkovita desalinacija vode [43,
44].
Glavna pristopa pri študiranju toka skozi nanokanale sta izvajanje ekspe-
rimentov in simulacij md. Pristopa se dopolnjujeta, vendar obstaja veliko ne-
skladje v izmerjenih volumskih pretokih med eksperimenti in simulacijami
md [41, 69, 71]. Računska zahtevnost simulacij md in kratki simulacijski časi,
ki so dosegljivi, so motivirali uporabo kontinuumskih modelov, ki zahteva
pazljivost [46]. Pri toku tekočin skozi nanokanale ima interakcija na stiku
tekočine in stene pomembno vlogo, zato standardni robni pogoj ni ustrezen.
Na nanoskali opazimo zdrs tekočine ob steni, zato v kontinuumskem opisu
uporabimo Navierov robni pogoj [2].
Simuliramo tok tekočin skozi ogljikove nanocevke. Najprej simuliramo
tok vode skozi membrano iz ogljikovih nanocevk. Veljavnost našega kon-
tinuumskega pristopa preverimo s primerjavo kontinuumskih simulacij z
referenčno študijo, ki uporabi simulacije md [41]. Tok vode skozi ogljikove
nanocevke je zelo učinkovit, kar je posledica velike zdrsne dolžine. Zaradi
majhnih energijskih izgub v notranjosti nanocevk pridejo do izraza energij-
ske izgube v okolici koncev ogljikovih nanocev, zato opazujemo energijske
izgube v okolici koncev nanocevk in njihovo odvisnost od zdrsne dolžine.
Odkrito odvisnost razložimo s preprostim modelom. Zaključimo s študijo
toka skozi oscilirajoče nanocevke.
Tok skozi membrane iz ogljikovih nanocevk
Simuliramo tok skozi membrane iz ogljikovih nanocevk z dolžino 𝐿 od
3 do 7000 nm. Dolžine reda µm, ki jih dosežemo s kontinuumskimi si-
mulacijami, presegajo dolžine, ki so dosegljive s simulacijami md, za dva
velikostna reda. Kot referenco vzamemo nedavno simulacijo md in naš
sistem postavimo tako, da sovpada z referenčnim (slika 5) [41]. Nanocevke
so postavljene v pravokotno mrežo tako, da je razdalja med sosednjima
nanocevkama v eno smer 18,17 nm in 17,87 nm v drugo. Zaradi simetrije
sistema lahko računsko domeno zmanjšamo na četrtino ene nanocevke.
Radij nanocevke je 𝑅 = 1,017 nm in na obeh straneh nanocevke postavimo
rezervoar, ki se razteza 50 nm stran od konca nanocevke. Na vhodnem
rezervoarju nastavimo robni pogoj enakomerno porazdeljene hitrosti, ki
vzdržuje konstanten volumski pretok 𝑄 (volumski pretok skozi eno na-
nocevko), in na izhodnem rezervoarju robni pogoj s konstantnim tlakom.
Rob na koncu nanocevk zaobljimo tako, da ima rob radij ukrivljenosti 𝑟f
med 0,0 in 0,6 nm (če ni drugače omenjeno, predpostavimo nezaobljen rob
z 𝑟f = 0 nm). Viskoznost nastavimo na 𝜂 = 7,2 × 10−4 kg/m s in gostoto
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Slika 5: Geometrija računske domene. Zaradi simetrije problema upora-
bimo četrtino ene nanocevke. Nanocevka z radijem 𝑅 in dolžino 𝐿
povezuje dva rezervoarja dolžine 𝐿r. Rob na koncu nanocevke je
zaobljen in ima radij ukrivljenosti 𝑟f [45].
na 𝜌 = 997 kg/m3, kar ustreza modelu vode spc/e [72, 73]. Reynoldsovo
število je 𝑅𝑒 = 𝜌𝑈𝑅/𝜂 = 𝒪(10−3), kjer je 𝑈 povprečna hitrost tekočine v
nanocevki. Za zdrsno dolžino uporabimo 𝑙s = 63 nm, t.j. vrednost iz refe-
renčne simulacije md [41]. Slika 6 prikazuje volumski pretok v odvisnosti od
tlačne razlike na obeh straneh membrane. Od tod vidimo, da je odstopanje
kontinuumskih simulacij od simulacij md znotraj merskih napak.
Energijske izgube v okolici koncev ogljikovih nanocevk
Pri toku tekočin skozi nanocevke prihaja do energijskih izgub zaradi vi-
skozne disipacije. Pri uporabi standardnega robnega pogoja brez zdrsa oz.
pri zdrsni dolžini 𝑙s = 0 nm se večina energije izgubi znotraj nanocevke. Z
večanjem zdrsne dolžine se disipacija energije znotraj nanocevke zmanjšuje
in začne prihajati do izraza disipacija energije v okolici koncev nanocevke.
Padec tlaka v okolici koncev nanocevk je v primeru standardnega robnega
pogoja mogoče oceniti z dimenzijsko analizo do multiplikativne konstante





Ta rezultat je v skladju z rezultatom Weissberga, ki je študiral tlačne padce
v bližini koncev cevi (s standardnim robnim pogojem) in za zgornjo mejo
multiplikativne konstante postavil 𝐶 ≤ 3,47. Podoben izraz velja za tok
tekočine skozi okroglo odprtino v tanki steni, do katerega sta prišla Sampson
in Roscoe [48, 49]. V tem primeru je multiplikativna konstanta znana točno
in je 𝐶 = 3.
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Slika 6: Primerjava volumskih pretokov dobljenih s simulacijami md in kon-
tinuumskimi simulacijami. Graf prikazuje odvisnost volumskega
pretoka od tlačne razlike na obeh straneh membrane. Križci pred-
stavljajo volumske pretoke izračunane v simulacijah md in krogi
v kontinuumskih simulacijah. Prekinjene črte služijo kot vizualno
vodilo za volumske pretoke iz kontinuumskih simulacij. Zelena
barva predstavlja volumske pretoke skozi nanocevke dolžine 30 nm,
črna 12 nm, modra 6 nm in rdeča 3 nm [45].
Uvedba Navierovega robnega pogoja vpelje novo karakteristično dolžino
(t.j. zdrsno dolžino 𝑙s), ki lahko vpliva na disipacijo energije v okolici koncev
nanocevke. Ta vpliv podrobneje preučimo. Privzamemo enak izraz za
tlačni padec v bližini koncev nanocevk kot v primeru standardnega rob-
nega pogoja (enačba (11)) s to razliko, da zdaj 𝐶 obravnavamo kot funkcijo
zdrsne dolžine. Tok se ob vstopu v nanocevko razvije v popolnoma razvit
tok v dolžini primerljivi radiju nanocevke [46]. Tlačni padec, do katerega
pride zaradi prisotnosti koncev nanocevk, je torej omejen na okolico koncev









kjer prvi člen v oklepaju predstavlja tlačni padec zaradi popolnoma razvi-
tega toka v nanocevki na odseku dolžine 𝐿, drugi člen pa predstavlja tlačni
padec v okolici koncev nanocevke. Tlačni padec zaradi koncev nanocevk
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Slika 7: Odvisnost tlačnega padca (𝐶 = 𝛥𝑝′ 𝑅3/(𝜂𝑄)) v okolici koncev na-
nocevke od zdrsne dolžine za različne radije ukrivljenosti roba na
koncu nanocevke 𝑟f: 0,0 nm (rdeča), 0,3 nm (modra), 0,6 nm (zelena).
Prekinjene krivulje predstavljajo prileganje našega modela tlačnih
padcev (enačba (18)) na vrednosti izračunane v simulacijah [45].
dobimo tako, da izračunamo celoten tlačni padec različno dolgih nanocevk z
določeno zdrsno dolžino. K izračunanim tlačnim padcem prilegamo enačbo
(12) in tako dobimo koeficient 𝐶 za dotično zdrsno dolžino. S ponovitvijo
postopka pri različnih zdrsnih dolžinah dobimo odvisnost 𝐶 od zdrsne
dolžine, ki je prikazana na sliki 7. Iz rezultatov opazimo, da ima tlačni
padec na koncih nanocevk nemonotono odvisnost od zdrsne dolžine in je
najmanjši pri 𝑙s/𝑅 ≈ 0,1. To odvisnost tlačnega padca na koncih nanocevk












Disipacijo energije razdelimo na dva dela, ki predstavljata disipacijo zunaj
nanocevke in znotraj nje ( ̇ℰ = ̇ℰ1 + ̇ℰ2). Podobno razdelimo tudi tlačni padec
na dva prispevka 𝛥𝑝′ = 𝛥𝑝1 + 𝛥𝑝2, ki ustrezata tlačnemu padcu zunaj in
znotraj nanocevke. Predpostavimo, da je hitrostni profil na samem koncu
nanocevke neodvisen od zdrsne dolžine in je enak hitrostnemu profilu toka
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V tem primeru je disipacija energije zunaj nanocevke enaka kot disipa-
cija energije pri toku tekočine skozi okroglo odprtino v tanki steni, ki je
̇ℰ1 = 𝑄𝛥𝑝1 = 𝐶1𝜂𝑄2/𝑅3, kjer je 𝐶1 = 3. Ostane še disipacija energije znotraj
nanocevke. Tam se omejimo na aksialno komponento hitrosti. Disipacija
energije zaradi radialne odvisnosti hitrosti tekočine je, četudi v okolici kon-
cev nanocevk ni točna, že vključena v tlačnem padcu popolnoma razvitega
toka v nanocevki. Tako se omejimo samo na odvisnost aksialne komponente
hitrosti od aksialne koordinate. Predpostavimo, da je prehod od začetnega
hitrostnega profila (enačba (14)) k popolnoma razvitemu toku linearen in
se tok razvije v dolžini, ki je sorazmerna radiju nanocevke. Hitrostni profil














Izraz integriramo in upoštevamo, da ̇ℰ2 = 𝑄𝛥𝑝2. Dobimo tlačni padec





2 − 72𝑙s/𝑅 + 7
(1 + 4𝑙s/𝑅)
2 . (17)















kjer je 𝐶1 = 3. 𝐶2 v naprej ne poznamo in ga dobimo empirično. S prile-
ganjem zgornjega izraza k vrednostim izračunanim v simulacijah dobimo
𝐶2 = 0.038 ± 0.002 (slika 7). S slike 7 vidimo, da model dobro opiše odvi-
snost tlačnega padca v okolici koncev nanocevk od zdrsne dolžine. Model
tudi dobro napove obstoj minimuma tlačnega padca, ki je pri zdrsni dolžini
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𝑙s/𝑅 = 1/6. Pri tej zdrsni dolžini je hitrostni profil pri vstopu tekočine v
nanocevko najbolj podoben hitrostnemu profilu popolnoma razvitega toka
v nanocevki, zato se pri tem prehodu izgubi najmanj energije.
Do disipacije energije zunaj nanocevke pride, ker mora tekočina vstopiti
v majhno odprtino, ki jo lahko zmanjšamo z zaobljenimi robovi na koncih
nanocevk. S tem poskrbimo za manj ostre zavoje tekočine pri vhodu v
nanocevko. V tem primeru predpostavka o vhodnem hitrostnem profilu
tekočine ni več točna. Kljub temu predpostavimo tlačni padec, ki je podan
z enačbo (18), s to razliko, da zdaj zaradi drugačnega vhodnega hitrostnega
profila tekočine ne privzamemo vrednosti za 𝐶1. 𝐶1 zdaj, tako kot 𝐶2, prido-
bimo s prileganjem. Slika 7 prikazuje tlačne padce za nanocevke z robovi,
ki imajo radij ukrivljenosti 𝑟f = 0 nm, 𝑟f = 0,3 nm in 𝑟f = 0,6 nm. Opazimo,
da se tlačni padec z zaobljenim robom, kot smo predvideli, zmanjša. Opa-
zimo tudi, da model za zmerno zaobljene robove še vedno dobro napove
odvisnost tlačnega padca od zdrsne dolžine. Pri nekoliko bolj zaobljenih
robovih pa model začne odstopati od vrednosti, izračunanih v simulacijah.
Slika 8 prikazuje gostoto hitrosti disipacije energije v okolici konca nano-
cevke za tri različne primere: popoln zdrs, delni zdrs z 𝑙s/𝑅 = 1/6 in brez
zdrsa. Opazimo, da je v primeru popolnega zdrsa hitrost disipacije energije
največja v bližini konca nanocevke, medtem ko je v primeru robnega pogoja
brez zdrsa največja v notranjosti ob steni nanocevke. V primeru delnega
zdrsa z zdrsno dolžino 𝑙s/𝑅 = 1/6 je gostota hitrosti disipacije energije na
koncu in v notranjosti nanocevke primerljiva. Zdrsna dolžina 𝑙s = 63 nm,
ki jo imamo pri toku vode skozi membrano iz ogljikovih nanocevk je velika
v primerjavi z radijem nanocevk in se robni pogoj zelo približa popolnemu
zdrsu. Zaradi velikega zdrsa pri toku vode skozi ogljikove nanocevke ima
disipacija energije v okolici koncev nanocevk pomembno vlogo pri celotni
disipaciji energije.
Koeficient povečave volumskega pretoka
Koeficient povečave volumskega pretoka 𝐸 = 𝑄/𝑄HP je definiran kot raz-
merje volumskega pretoka tekočine skozi nanocevko 𝑄 in volumskega
pretoka 𝑄HP = π𝑅4𝛥𝑝/(8𝜂𝐿), ki ga daje Hagen-Poiseuilleov zakon. Z upo-












Koeficient povečave volumskega pretoka je zanimiv zaradi velikega volum-
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Slika 9: Odvisnost koeficienta povečanja volumskega pretoka (enačba (19))
od dolžine nanocevke. Rdeči simboli X predstavljajo vrednosti iz-
računane s kontinuumskimi simulacijami, kjer je zdrsna dolžina
𝑙s/𝑅 = 62 in Reynoldsovo število 𝑅𝑒 = 1,4 × 10−3. Trikotniki pred-
stavljajo vrednosti izračunane v nedavni študiji s simulacijami md
[41]. Črni trikotniki predstavljajo simulacije md z uporabo fast-
tube, modri in zeleni trikotniki pa simulacije md z uporabo namd
s tlačno razliko 200 (modra) in 20 bar (zelena) [78, 79]. Prekinjena
črta predstavlja koeficient povečanja volumskega pretoka iz enačbe
(19), kjer je 𝑙s/𝑅 = 62 in 𝐶 = 3.6 [45].
volumskim pretokom danim s Hagen-Poiseuilleovim zakonom, ki upošteva
standardni robni pogoj brez zdrsa. Pojavljajo pa se neskladja v koeficientih
povečanja, ki jih opazijo v eksperimentih in simulacijah [17, 21, 25, 40, 41,
68, 77]. Koeficient povečanja volumskega pretoka, kot je zapisan v enačbi
(19), se z večanjem dolžine nanocevke 𝐿 približuje asimptotični vrednosti
𝐸 = 1 + 4𝑙s/𝑅. V našem primeru, kjer imamo zdrsno dolžino 𝑙s/𝑅 = 62,
je asimptotična vrednost 𝐸 = 249. V nasprotju s to asimptotično vredno-
stjo se včasih pojavljajo koeficienti povečanja volumskega pretoka večji od
1500 [58]. Te vrednosti močno presegajo našo teoretično limito. Za takšne
vrednosti bi morala zdrsna dolžina presegati 𝑙s/𝑅 > 375. Slika 9 prikazuje
odvisnost koeficienta povečanja volumskega pretoka od dolžine nanocevke.
Izvedli smo simulacije toka vode skozi nanocevke z dolžinami med 3 in
7000 nm. Uporabili smo zdrsno dolžino 𝑙s/𝑅 = 62 in Reynoldsovo število
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𝑅𝑒 = 1,4 × 10−3. Simulacije potrjujejo, da je 𝐸 funkcija dolžine nanocevke in
da se s povečevanjem dolžine približuje asimptotični vrednosti. Za dolžine
nanocevk, ki presegajo 𝐿/𝑅 > 2000, se lahko disipacija energije v okolici
koncev nanocevk zanemari, ker se večina energije izgubi v dolgi nanocevki.
Oscilirajoče nanocevke
Nedavno so Ma in sodelavci v simulacijah md opazili oscilacije strižne
napetosti med vodo in steno nanocevke [50]. Oscilacije pripisujejo sklopitvi
molekul vode in longitudinalnih fononskih načinov ogljikovih nanocevk.
To sklopitev povežejo tudi s povečanjem difuzijske konstante vode, kar bi
lahko vplivalo na koeficient povečanja volumskega pretoka [80]. S tem bi
lahko razložili neskladja v izmerjenih koeficientih povečanja volumskega
pretoka v eksperimentih in simulacijah. Motivirani z odkritjem fononskih
načinov v ogljikovih nanocevkah študiramo vpliv longitudinalnih oscilacij
nanocevk na tok tekočin skozi njih.
Za nestacionarne stene je potrebno Navierov robni pogoj prilagoditi. V
enačbi (5) na levi strani zamenjamo hitrost tekočine z relativno hitrostjo
med tekočino in steno na njunem stiku in dobimo





kjer 𝑣𝑡 in 𝑤𝑡 predstavljata tangencialni komponenti hitrosti tekočine in stene
glede na smer relativne hitrosti med njima. Podobno tudi 𝜅 zdaj predstavlja
ukrivljenost stene v smeri relativne hitrosti med tekočino in steno.
Izvajamo kontinuumske simulacije, ki se skladajo s simulacijami md Ma
in sodelavcev [50]. Simuliramo tok vode skozi odsek nanocevke dolžine
𝐿 = 20 nm. Stena nanocevke oscilira z
𝑑 = 𝑑0 sin
π𝑧
𝐿 cos 𝜔𝑡, 𝜔 =
π𝑐
𝐿 (21)
kjer 𝑑 predstavlja amplitudo osciliranja vzdolž nanocevke z izhodiščem
postavljenim v sredino odseka nanocevke. 𝑐 = 19,4 km/s je hitrost zvoka
v nanocevki in 𝑑0 = 2 pm amplituda oscilacij v sredini nanocevke. Na
koncih nanocevke uporabimo periodične robne pogoje. Tak sistem pred-
stavlja tok vode skozi dolgo nanocevko, ki je periodično vkleščena z raz-
daljo med sosednjimi vpetji 𝐿 in nanocevka med vpetji oscilira kot opisuje
enačba (21). Tekočina znotraj cevke ima gostoto 𝜌 = 731 kg/m3 in viskoznost
𝜂 = 0,322 mPa s, kar ustreza modelu vode mW [50, 87]. Zdrsna dolžina je
nastavljena na 𝑙s = 14 nm, tok pa poganja tlačni gradient vzdolž nanocevke
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Slika 10: (levo) Polni atomistični model ogljikove nanocevke napolnjene z
vodo. Molekule vode so predstavljene kot rdeče in bele kroglice,
atomi ogljikove nanocevke pa z zeleno. (zgoraj desno) Povprečna
hitrost vode med dvema sosednjima vpetjema v oscilirajoči in neo-
scilirajoči nanocevki. (spodaj desno) Strižna napetost na stiku vode
in stene nanocevke pri toku vode skozi oscilirajočo in neoscilirajočo
nanocevko. Vzeto in prilagojeno iz [51].
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∂𝑝/∂𝑧 = 300 TPa/m. Slika 10 prikazuje povprečno hitrost vode v odseku
nanocevke in strižno napetost ob steni nanocevke. Opazimo, da kljub opa-
znim oscilacijam strižne napetosti te zanemarljivo vplivajo na tok vode v
njej.
Difuzijska konstanta
Na nanoskali imajo lahko termične fluktuacije pomembno vlogo [54]. Ma
in sodelavci v simulacijah md opažajo več kot 300 % povečanje difuzijske
konstante v prisotnosti fononskih načinov v ogljikovih nanocevkah [50].
Da bi v kontinuumsko obravnavo vključili termične fluktuacije, ns enačbe
razširimo tako, da v enačbe vključimo fluktuirajoči napetostni tenzor S [12]
∇ ⋅ v = 0,
𝜌[
∂v
∂𝑡 + (v ⋅ ∇)v] = −∇𝑝 + 𝜂∇
2v + ∇ ⋅ S,
(22)
kjer za fluktuirajoči napetostni tenzor velja
𝑆𝑖𝑗 = 𝑆𝑗𝑖,
⟨S(r, 𝑡)⟩ = 0,
⟨𝑆𝑖𝑗(r, 𝑡)𝑆𝑘𝑙(r′, 𝑡′)⟩ = 2𝜂𝑘B𝑇(δ𝑖𝑘δ𝑗𝑙 + δ𝑖𝑙δ𝑗𝑘)δ(r − r′)δ(𝑡 − 𝑡′).
(23)
V tem razdelku izpeljemo difuzijsko konstanto težišča vode v oscilirajoči
ogljikovi nanocevki. Zamislimo si odsek vode dolžine 𝐿 v dolgi nanocevki z
radijem 𝑅. Nanocevka naj oscilira s hitrostjo 𝑤 = 𝑤0ei𝜔𝑡 in na stiku vode in
stene nanocevke apliciramo Navierov robni pogoj. Problem poenostavimo
s predpostavko, da je samo aksialna komponenta hitrosti vode različna od






𝑟 𝑢 + 𝜁(𝑟, 𝑡),














0 𝑣(r, 𝑡) d𝜙 d𝑧 je povprečna
hitrost vode, ki opiše valjast plašč z dolžino 𝐿 in radijem 𝑟. 𝜁 je termični
šum, ki izpolnjuje naslednje pogoje:
⟨𝜁(𝑟, 𝑡)⟩ = 0,
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kjer je ∇𝑟 = ∂/∂𝑟 + 1/𝑟. Predpostavili smo, da komponente fluktuirajočega
tenzorja skalirajo kot komponente napetostnega tenzorja, zato smo obdržali
zgolj komponento ∇𝑟𝑆𝑧𝑟 [91, 92] Problem začnemo reševati tkao, da najprej
homogeniziramo robni pogoj s substitucijo 𝑢(𝑟, 𝑡) = 𝑤0ei𝜔𝑡 + 𝑢′(𝑟, 𝑡). S tem












Zgornjo diferencialno enačbo lahko rešimo z metodo razvoja po lastnih

















Pripadajoče lastne vrednosti 𝛼𝑖 so določene z robnim pogojem
J0(𝛼𝑖𝑅) = 𝑙s𝛼𝑖 J1(𝛼𝑖𝑅). (29)
V primeru standardnega robnega pogoja brez zdrsa so 𝛼𝑖𝑅 ničle Besslovih
funkcij J0. V primeru robnega pogoja s popolnim zdrsom pa so 𝛼𝑖𝑅 ničle
Besslovih funkcij J1. Lastne vrednosti za vmesne zdrsne dolžine moramo
izračunati numerično. Slika 11 prikazuje odvisnost prvih nekaj lastnih







































Slika 11: Odvisnost lastnih vrednosti 𝛼𝑖 od zdrsne dolžine. Pri 𝑙s/𝑅 = 0 so
lastne vrednosti 𝛼𝑖𝑅 ničle Besslovih funkcij J0. v nasprotnem pri-
meru, ko zdrsna dolžina divergira 𝑙s/𝑅 → ∞, pa so lastne vrednosti
𝛼𝑖𝑅 ničle Besslovih funkcij J1.







𝑖 𝑢𝑖 = 𝜁𝑖(𝑡) − 𝑏𝑖ei𝜔𝑡. (32)
Rešitev zgornje enačbe po dolgem času je
𝑢𝑖(𝑡) =
𝑏𝑖𝜌(i𝜔𝜌 − 𝜂𝛼2𝑖 )






𝑖 (𝑡−𝑡′)/𝜌 𝜁𝑖(𝑡′) d𝑡′. (33)
Povprečna hitrost vode, ki opiše valjast plašč z dolžino 𝐿 in radijem 𝑟, je
torej






𝑏𝑖𝜌(i𝜔𝜌 − 𝜂𝛼2𝑖 )












𝑖 (𝑡−𝑡′)/𝜌 𝜁𝑖(𝑡′) d𝑡′. (34)
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4𝜔𝜌(𝜔𝜌 + i𝜂𝛼2𝑖 )














𝑖 (𝑡−𝑡′)/𝜌 𝜁𝑖(𝑡′) d𝑡′. (35)






























𝑖 (𝑡′−𝑡″)/𝜌 𝜁𝑖(𝑡″) d𝑡″ d𝑡′, (36)








































Iz povprečnega kvadrata premika lahko dobimo difuzijsko konstanto težišča













Pokazali smo, da sta v povprečnem kvadratu premika težišča vode dva
prispevka. Prvi prispevek je vpliv termičnih fluktuacij, ki za dolge čase
povzročijo linearno naraščanje povprečnega kvadrata premika. Drugi pri-
spevek je posledica oscilirajočih sten nanocevke. Oscilacije sten nanocevke
povzročijo oscilacije povprečnega kvadrata premika, vendar so te oscila-
cije vselej okoli srednje vrednosti in zato oscilacije ne prispevajo k difuziji.
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Difuzijska konstanta je tako neodvisna od oscilacij stene nanocevke in se
ujema z difuzijsko konstanto težišča vode v neoscilirajoči nanocevki [92,
94]. Opazimo tudi, da je difuzijska konstanta obratno sorazmerna z dolžino
odseka vode 𝐿 v nanocevki, ki ga opazujemo, kar je v skladju s simulacijami
md [51]. Poleg tega je izraz v skladu z Einsteinovo relacijo med difuzijsko
konstanto in mobilnostjo 𝐷 = 𝑘B𝑇 𝑏, kjer je mobilnost 𝑏 = (1+4𝑙s/𝑅)/(8𝜂π𝐿)
[12].
Pokazali smo, da v kontinuumskem opisu oscilirajoče nanocevke ne pri-
spevajo k difuziji vode v nanocevkah. Posledično sklepamo, da povečanje
difuzije lahko opiše samo bolj podroben model, kot je na primer md, kjer
je trenje med steno nanocevke in vodo odvisno od potenciala in stanja na-
nocevke. Poleg tega so dodatne simulacije md pokazale le majhen vpliv
fononskih načinov v nanocevkah na transport vode skozi nanocevke [51].
Sklopitev deformacij orientacijskega reda in
gostote v talinah polgibkih polimernih verig
Doslej smo študirali tok tekočin skozi in mimo objektov velikostnega reda
nanometra. V tem razdelku bomo raziskovali taline polimernih verig in nji-
hove ohranitvene zakone, katerih posledica je sklopitev deformacij orienta-
cijskega reda in gostote [95]. Ohranitveni zakoni so posledica mikroskopske
povezanosti monomerov v polimernih verigah [95, 96]. Izvajamo simulacije
mc polgibkih polimernih verig raličnih dolžin in upogljivosti. V simulacijah
uporabimo nedavno razvit mezoskopski model, ki polimerne verige opiše
kot diskretne »črvaste verige« [97]. Sklopitev deformacij orientacijskega
reda in gostote iz simulacij izluščimo preko strukturnih faktorjev in korelacij
direktorskih fluktuacij.
Vektorski ohranitveni zakon
V talinah nematičnih polimerov so deformacije orientacijskega reda in go-
stote tesno povezane [98–100]. To sklopitev izrazimo s kontinuitetno enačbo
[95, 101–104]
∇ ⋅ (𝜌𝑙0a) = 𝜌+ − 𝜌−, (39)
kjer je 𝜌 gostota segmentov verige z dolžino 𝑙0, a vektor ureditve in 𝜌+
ter 𝜌− gostoti začetkov in koncev verig. Količina na levi strani enačbe
j = 𝜌𝑙0a predstavlja »tok polimernih verig«. Gostota začetkov in koncev
verig na desni predstavljata gostoto izvorov in ponorov toka polimernih
verig. Interpretacija zgornje kontinuitetne enačbe je sledeča: zamislimo si,
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Slika 12: Skica prepognjene polimerne verige. (a) Nasprotno orientirani
segmenti polimerne verige se izničijo v parametru ureditve a. (b)
Na mestih, kjer verige zamenjajo smer glede na nematsko ureditev
jih prekinemo. Za tem segmente verig reorientiramo tako, da
kažejo v isto smer glede na nematsko ureditev. Na mestih kjer
verige prekinemo pridobimo nove izvore +2 in ponore −2.
da kontinuitetno enačbo integriramo po volumnu. Kontinuitetna enačba
nam pove, da je razlika verig, ki vstopajo v volumen in izstopajo iz njega,
enaka razliki koncev in začetkov verig v volumnu. Zgornja kontinuitetna
enačba polimernim veriga pripiše smer, kar pa za apolarne verige ni mogoče
narediti enolično. Kljub temu kontinuitetno enačbo v zgornji obliki pogosto
uporabljajo in ob tem dodajo zahtevo, da se verige ne prepogibajo [97].
Prisotnost pregibov v verigah predstavlja problem, saj to povzroči padec
parametra polarne ureditve a, kljub temu da se nematični red ohranja.
Nedavno so pokazali, da z uvedbo »popravljenega polarnega reda« ar
lahko vektorski ohranitveni zakon uporabimo tudi v prisotnosti pregibov
verig [105]. Popravljeni polarni red dobimo tako, da verige prekinemo
na mestih, kjer se verige prepognejo glede na nematsko ureditev (slika 12).
Segmente na prekinjenih verigah za tem reorientiramo tako, da vsi segmenti
kažejo v isto smer glede na nematsko ureditev. S tem na mestih, kjer smo
prekinili verige, pridobimo nove izvore +2 in ponore −2. Kontinuitetno
enačbo z novim popravljenim polarnim redom zapišemo kot
∇ ⋅ (𝜌𝑙0ar) = 𝛥𝜌𝑠±,
𝛥𝜌𝑠± = 𝜌+ − 𝜌− + 2𝜌2+ − 2𝜌2−,
(40)
kjer na desni upoštevamo tako gostoto začetkov in koncev verig kakor tudi
gostoto prepogibov verig.
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apolarne narave polimernih verig ne ločimo med različnimi konci verig,
zato lahko deviacije od ravnovesja zapišemo kot [105]
𝜌+ − 𝜌+0 = −(𝜌











𝜌+2 − 𝜌+20 = −(𝜌





Začetke in konce verig ter pregibe verig obravnavamo kot neinteragirajoče
idealne pline in zapišemo gostoto proste energije, ki je posledica deviacij
















Prosta energija izražena s skupno gostoto izvorov in ponorov 𝛥𝜌𝑠±, ki jo












Zgornja prosta energija predstavlja potencial, ki kaznuje deviacije gostote
izvorov in ponorov od ravnovesja.


























kjer ∂𝑧 = n0 ⋅ ∇ predstavlja odvod v smeri nematske smeri n0 in ∇⊥ odvod
v ravnini pravokotni na nematsko smer. Gostoto segmentov polimernih
verig in nematski direktor smo razvili okoli njunih ravnovesnih vrednosti
(𝜌 = 𝜌0 + 𝛿𝜌 in n = n0 + 𝛿n), kjer smo zanemarili fluktuacije polarnega reda
𝑎r. 𝐵 predstavlja modul stisljivosti, ki kaznuje deviacije gostote polimerov
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Slika 13: Definicija koordinatnega sistema. 𝑞∥ in q⊥ sta komponenti vektorja
q, ki sta vzporedna in pravokotna na n0, 𝛿𝑛L je komponenta n
vzdolž q⊥ in 𝛿𝑛T je komponenta pravokotna na n0 in q⊥.
od ravnovesja. Ob koeficientu 𝐺 smo tokrat uporabili levo stran enačbe 40.
Spodnja vrstica enačbe 44 je standardna Frankova prosta energija, kjer so
𝐾1, 𝐾2 in 𝐾3 elastične konstante [98]. S Fourierovo transformacijo prosto
























⊥ + 𝐾3𝑞2∥ )∣𝛿𝑛T∣
2,
(45)
kjer je 𝐺 = 𝐺(𝜌0𝑙𝑜𝑎r𝑜)2. Koordinatni sistem je prikazan na sliki 13. 𝛿n je
pravokoten na n0, 𝑞∥ je komponenta vektorja q vzdolž n0 in q⊥ je kompo-
nenta pravokotna na n0. 𝛿𝑛L in 𝛿𝑛T sta komponenti 𝛿n, ki sta vzporedna in
pravokotna na q⊥. S predpostavko, da je verjetnost fluktuacij sorazmerna z





𝑞2⊥ + (𝐾1𝑞2⊥ + 𝐾3𝑞2∥ )/𝐺
𝐵𝑞2⊥ + (𝐵/𝐺 + 𝑞2∥ )(𝐾1𝑞2⊥ + 𝐾3𝑞2∥ )
,
(46)
kjer je 𝑁 število vseh segmentov dolžine 𝑙0. Avtokorelacijska funkcija fluk-
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(a) Toge verige (b) Gibke verige
Slika 14: Strukturni faktor 𝑆(𝑞⊥𝑙0, 𝑞∥𝑙0), ki ga dobimo s simulacijami (barvna
ploskev) in prilegana ploskev teoretičnega strukturnega faktorja
(enačba 46) za talino verig z 𝑁s = 128 segmenti [53].








𝐵𝑞2⊥ + (𝐵/𝐺 + 𝑞2∥ )(𝐾1𝑞2⊥ + 𝐾3𝑞2∥ )
,
(47)
Zaradi odvisnosti od 𝐺 sta zgornji korelaciji primerni za merjenje jakosti
sklopitve deformacij orientacijskega reda in gostote.
Izvajamo simulacije mc talin polimernih verig v nematični fazi. Upora-
bimo verige različnih dolžin in različno upogljive verige, s čimer dosežemo
različne gostote pregibov verig. Študiranje makroskopskih teorij z molekul-
skimi simulacijami je zahtevno, ker morajo simulacije primerno upoštevati
dolge valovne dolžine in različne načine prepogibanja polimernih verig.
Zaradi tega je potrebno simulirati dovolj velike sisteme z dolgimi verigami
[106]. Tem zahtevam zadostimo z uporabo nedavno razvitega mezoskop-
skega modela, ki polimerne verige opiše kot diskretne črvaste verige [97].
Sliki 14 in 15 prikazujeta strukturni faktor in avtokorelacijsko funkcijo
fluktuacij longitudinalne komponente direktorja za talino verig z 𝑁s = 128
segmenti [53]. Sliki poleg izračunanih korelacij prikazujeta tudi prilegane
ploskve teoretičnih izrazov v enačbah 46 in 47, od koder dobimo parametre
𝐵, 𝐺, 𝐾1 and 𝐾3. Na sliki 16 narišemo odvisnost 𝐺 od inverza gostote koncev
in pregibov verig. S simulacijami dobljene vrednosti se dobro ujemajo s
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(a) Toge verige (b) Gibke verige
Slika 15: Avtokorelacijska funkcija longitudinalne komponente direktorja
𝐷L(𝑞⊥𝑙0, 𝑞∥𝑙0), ki jo dobimo s simulacijami (barvna ploskev) in
prilegana ploskev teoretičnega izraza (enačba 47) za talino verig z
𝑁s = 128 segmenti [53].

























Slika 16: Jakost sklopitve deformacij orientacijskega reda in gostote v odvi-
snosti od inverza gostote koncev in pregibov verig. Polna rdeča
črta predstavlja teoretično napoved enačbe 43.
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teoretično napovedjo. V primeru mehkih verig se jakost sklopitve deforma-
cij orientacijskega reda in gostote močno zmanjša, kar potrjuje smotrnost
uvedbe »popravljenega polarnega reda«. V primeru togih verig opazimo
pri izračunanih vrednostih konstanten odmik od teoretične napovedi. To
razliko pripišemo temu, da se konci in pregibi verig ne obnašajo kot idealni
plin ampak kot plin s šibko interakcijo. Spomnimo se, da smo v izpeljavi
enačbe (43) predpostavili, da so konci in pregibi verig idealni plin.
Tenzorska ohranitvena enačba
Predstavili smo vektorsko ohranitveno enačbo in problem, ki se pojavi
pri aplikaciji na apolarne polimerne verige. Za razliko od polarnega reda
kvadrupolni red ne pripiše smeri polimernim verigam. Posledično je za
apolarne verige primernejša tenzorska ohranitvena enačba, ki je osnovana














kjer je 𝑄𝑖𝑗 tenzorski parameter ureditve. 𝑑𝑖 je 𝑖-ta kartezična komponenta
enotskega vektorja, ki je vzporeden s segmenti verig. 𝑘𝑖 in 𝑔𝑖 sta 𝑖-ta kompo-
nenta povprečne ukrivljenosti verig in gostote koncev verig. Konci verig so
zdaj predstavljeni kot enotski vektorji, ki kažejo v smeri poteka verige. To
pomeni, da so zdaj konci verig izvori vektorske količine. Pomen tenzorskega











+ 𝜌𝑘𝑖) d𝑉 (49)
Leva stran enačbe predstavlja tok »polimerne smeri« ven iz volumna. Vsota
»polimerne smeri«, ki izstopa iz volumna mora torej biti enaka vsoti usmer-
jenih koncev verig znotraj volumna in povprečne ukrivljenosti. Kot vidimo,
je v tenzorskem ohranitvenem zakonu poleg koncev verig izvor tudi ukri-
vljenost verig.
V izotropni fazi je 𝜌 = 𝜌0, 𝑄𝑖𝑗 = 0, 𝑔𝑖 = 0 in 𝑘𝑖 = 0. Iz enačbe 48 sledi, da










Razširjeni povzetek v slovenskem jeziku
Za razliko od vektorske ohranitvene enačbe, kjer za fluktuacije velja 𝜌0𝑙0∇ ⋅
𝛿a = 𝛥𝜌±, so v tenzorskem ohranitvenem zakonu fluktuacije orientacijskega
reda in gostote sklopljene. Podobno kot pri vektorskem ohranitvenem
zakonu tudi tu predpostavimo v prosti energiji člen, ki je sorazmeren z






























kjer je 𝐴 »togost orientacijskega reda« in 𝐿 elastična konstanta. Fourierova





















kjer je 𝐺 = 𝐺(𝑙0𝜌0)2. Zaradi izotropnosti lahko koordinatne smeri izberemo








































































12𝐴𝐵 + [12𝐵𝐿 + (3𝐴 + 8𝐵)𝐺]𝑞2 + 3𝐺𝐿𝑞4
.
(54)
Zadnja negativna korelacija 𝛿𝜌 in 𝛿𝑄𝑧𝑧 je značilnost tenzorskega ohranitve-
nega zakona in izgine ko je jakost sklopitve 𝐺 šibka.
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Slika 17: Avtokorelacijske funkcije ⟨𝛿𝑄2𝑥𝑦⟩, ⟨𝛿𝑄2𝑥𝑧⟩, ⟨𝛿𝑄2𝑦𝑧⟩ in ⟨𝛿𝑄2𝑧𝑧⟩ za toge in
gibke verige. Krivulje predstavljajo prileganje enačb (54). Korelacij-
sko funkcijo ⟨𝛿𝑄2𝑥𝑦⟩ prilegamo direktno. Pridobljena parametra 𝐴
in 𝐿 uporabimo pri prileganju ⟨𝛿𝑄2𝑥𝑧⟩, od koder dobimo parameter
𝐺. Korelacijska funkcija ⟨𝛿𝑄2𝑧𝑧⟩ je prilegana popolnoma indirektno,
kjer vse parametre dobimo iz prileganj ostalih korelacijskih funkcij.
Z namenom, da bi raziskali tenzorski ohranitveni zakon, izvajamo simula-
cije mc polimernih verig z 𝑁s = 128 segmenti v izotropni fazi. Simuliramo
dva različna sistema: enega s togimi verigami in enega z gibkimi verigami. Iz
simulacij izvlečemo korelacijske funkcije in k njim prilegamo izraze iz enačb
54. Prileganje izvajamo v več korakih. Najprej prilegamo ⟨𝛿𝑄2𝑥𝑦⟩ in s tem
dobimo parametra 𝐴 in 𝐿 (slika 17). V naslednjem koraku prilegamo ⟨𝛿𝑄2𝑥𝑧⟩,
kjer uporabimo že dobljena parametra 𝐴 in 𝐿 (slika 17). S tem dobimo
parameter 𝐺. Vse tri dobljene parametre 𝐴, 𝐿 in 𝐺 uporabimo pri prileganju
strukturnega faktorja (enačba (54)), s čimer dobimo še zadnji parameter 𝐵
(slika 18a). Korelacijskih funkcij ⟨𝛿𝑄2𝑧𝑧⟩ (slika 17) in ⟨(𝛿𝜌/𝜌0)𝛿𝑄𝑧𝑧⟩ (slika 19)
ne prilegamo direktno, ampak uporabimo parametre, ki smo jih dobili iz
prejšnjih prileganj. Avtokorelacijske funkcije ⟨𝑄2𝑥𝑦⟩, ⟨𝑄2𝑥𝑧⟩, ⟨𝑄2𝑦𝑧⟩ in ⟨𝑄2𝑧𝑧⟩
na sliki 17 se izjemno dobro ujemajo s teoretičnimi napovedmi iz enačbe
(54). To velja tako za neposredno prilegani avtokorelacijski funkciji ⟨𝑄2𝑥𝑦⟩ in
⟨𝑄2𝑥𝑧⟩ kakor tudi za posredno prilegano ⟨𝑄2𝑧𝑧⟩. Strukturni faktor na sliki 18a
se po drugi strani ne ujema tako dobro s teoretično napovedjo. To neujema-
nje pripišemo mikrostrukturi, ki je posledica odboja med segmenti verig.
Slika 18b prikazuje strukturna faktorja, izračunana za večje 𝑞𝑧. Odboj med
segmenti verig je neodvisen od njihove orientacije, zato je vpliv odboja na
avtokorelacijske funkcije ⟨𝑄2𝑖𝑗⟩ in korelacijsko funkcijo ⟨(𝛿𝜌/𝜌0)𝛿𝑄𝑧𝑧⟩ manjši.
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Slika 18: Strukturni faktor izotropnih monodomen s togimi in gibkimi veri-
gami. (a) Krivulji predstavljata prileganje enačbe (54), kjer samo
parameter 𝐵 dobimo direktno iz prileganja strukturnega faktorja.
𝐴, 𝐿 in 𝐺 izračunamo predhodno s prileganjem ostalih korelacijskih
funkcij. (b) Isti strukturni faktor izračunan za večje 𝑞𝑧. Prekinjeni
črti predstavljata strukturna faktorja posameznih verig [112].




















Slika 19: Korelacijska funkcija ⟨(𝛿𝜌/𝜌0)𝛿𝑄𝑧𝑧⟩ izotropnih monodomen s to-
gimi in gibkimi verigami. Rdeča in modra krivulja predstavljata
»indirektno« prileganje enačbe (54), kjer parametre 𝐴, 𝐿, 𝐺 in 𝐵
dobimo s prileganjem ostalih korelacijskih funkcij.
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Na sliki 19, ki prikazuje korelacijo 𝛿𝜌 in 𝛿𝑄𝑧𝑧, pa vidimo napovedano nega-
tivno korelacijo, ki je posledica tenzorskega ohranitvenega zakona. Naše
simulacije prikazujejo prve indikacije obstoja fenomenov, ki so posledica
tenzorskega ohranitvenega zakona. V primeru gibkih verig, ko je sklopitev
med fluktuacijami orientacijskega reda in gostote šibkejša je korelacija med
njima šibkejša.
Zaključek
V tej doktorski disertaciji smo s kontinuumskim pristopom študirali teko-
čine na nanoskali. Razširjen pristop pri raziskovanju tekočin na nanoskali
so simulacije md. Ta pristop je uporaben, ker simulacije md podajo infor-
macije na atomskem nivoju. Po drugi strani pa je problem, da so simulacije
md računsko zahtevne. V simulacijah md posamezne atome ali molekule
obravnavamo posebej. To pomeni, da moramo v vsakem koraku integracije
za vsak delec posebej rešiti Newtonove enačbe gibanja. Posledično moramo
izračunati vse sile med pari delcev, kar zahteva veliko računskega časa.
Zaradi računske zahtevnosti simulacij md je prikladno zmanjšati število
prostostnih stopenj, tako da dinamiko sistema opišemo v samo nekaj enač-
bah, vendar to ni enostavno. Na nanoskali se srečamo s pojavi, ki jih z
makroskopske skale nismo vajeni. Te pojave lahko v grobem razdelimo v
dve skupini: na pojave, ki so posledica površinskih efektov, in pojave, ki so
posledica volumskih efektov. V tej doktorski disertaciji smo obravnavali
obe skupini. Najprej smo študirali pojave, ki so posledica površin. Tu smo
študirali tok tekočin mimo in skozi objekte velikostnega reda nanometra
[38, 45, 51]. Potem smo se lotili pojavov, ki so posledica volumskih efektov
in smo raziskali obnašanje taline polimernih verig in njihove ohranitvene
zakone [53, 111].
V prvem delu disertacije smo uporabili pristop računske dinamike te-
kočin pri simulacijah tekočin na nanoskali. Na nanoskali, v nasprotju z
makroskalo, razmerje med površino in volumnom ni več majhno. Zaradi
tega postane dogajanje na površini pomembno in lahko znatno vpliva na
dinamiko tekočin. Eksperimenti in simulacije so pokazali, da standardni
robni pogoj brez zdrsa, ki ga uporabljamo na makroskali, ni ustrezen na
nanoskali. Na slednji pride do zdrsa med tekočino in steno na njunem stiku.
Za primeren opis zdrsa smo uporabili Navierov robni pogoj, ki predpostavi
linearno odvisnost strižne napetosti od relativne hitrosti med tekočino in
steno na njunem stiku. Parameter, ki določa Navierov robni pogoj je zdrsna
dolžina. Ta za ravne površine predstavlja globino, do katere je potrebno
ekstrapolirati hitrostni profil tekočine, da doseže vrednost nič.
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Kot prvi primer uporabe in test naše implementacije Navierovega robnega
pogoja smo izvedli simulacije toka tekočine mimo sferičnih molekul. Najprej
smo simulirali tok tekočine mimo ene sfere. Pokazali smo, da se simulacije
ujemajo z analitičnimi napovedmi. Za tem smo izvedli simulacije toka
vode mimo mreže sferičnih molekul. Za referenco smo vzeli nedavno
večskalno simulacijo. Zdrsne dolžine v naprej nismo poznali in smo jo
določili s prileganjem kontinuumskih simulacij k referenčni simulaciji. Naše
simulacije so uspešno reproducirale hitrostni profil tekočine okrog sferičnih
molekul in silo upora na njih [38].
Nadalje smo simulirali tok tekočine skozi membrane iz ogljikovih nano-
cevk. Za referenco smo ponovno vzeli nedavno študijo s simulacijo md.
Pokazali smo, da kontinuumske simulacije z uporabo Navierovega robnega
pogoja ustrezno opišejo tok tekočine skozi membrane iz ogljikovih nano-
cevk. Uporaba kontinuumskega pristopa nam je omogočila simulacije toka
skozi nanocevke z dolžinami nedosegljivimi za simulacije md. V simulacijah
smo opazili, da se znaten delež energije disipira v okolici koncev nanocevk,
zato smo te energijske izgube študirali podrobneje. Opazili smo, da imajo
energijske izgube v okolici nanocevk nemonotono odvisnost od zdrsne
dolžine. Za opis te odvisnosti smo razvili model, ki razloži njen izvor. Poleg
tega naš model pravilno napove obstoj optimalne zdrsne dolžine, kjer so
energijske izgube v okolici koncev nanocevk najmanjše [45].
V nadaljevanju smo študirali tok tekočin skozi nanocevke z oscilirajočimi
stenami. V nedavni študiji so pri toku vode skozi ogljikove nanocevke opa-
zili oscilacije sten nanocevk. Te oscilacije so tudi povezali s povečanjem
difuzije vode v ogljikovih nanocevkah. Da bi pojav preučili, smo izvedli kon-
tinuumske simulacije toka vode skozi nanocevke z oscilirajočimi stenami.
V simulacijah smo opazili, da imajo oscilirajoče stene zanemarljiv vpliv na
tok vode skozi nanocevke [51]. Da bi fenomen raziskali podrobneje, smo v
kontinuumsko obravnavo vključili termične fluktuacije. Z upoštevanjem
termičnih fluktuacij le-teh smo rešili diferencialne enačbe za tok tekočine
skozi dolgo oscilirajočo nanocevko in izpeljali dotično difuzijsko konstanto.
Ma in sodelavci so v nedavni študiji v prisotnosti oscilacij opazili poveča-
nje difuzijske konstante za več kot 300 %. Difuzijska konstanta, ki smo jo
izpeljali, pokaže, da oscilacije sten nanocevk ne vplivajo na difuzijo vode v
nanocevki [51]. To so potrdile tudi dodatne simulacije md, ki so pokazale,
da imajo oscilacije majhen vpliv na tok vode skozi ogljikove nanocevke [51].
V drugem delu smo se osredotočili na taline polimernih verig. Študirali
smo ohranitvene zakone, ki veljajo za taline polimernih verig, in sklopitev
deformacij orientacijskega reda in gostote, ki izhaja iz ohranitvenih zakonov.
Najprej smo izvedli simulacije mc polimernih verig v nematični fazi. V
simulacijah smo z uporabo gibkih verig spodbudili njihovo prepogibanje,
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kar predstavlja problem za standardni vektorski ohranitveni zakon. Naše
simulacije so pokazale, da prisotnost pregibov verig zmanjša jakost sklo-
pitve deformacij orientacijskega reda in gostote. Poleg tega smo opazili
prve dokaze, da z uvedbo »popravljenega polarnega reda« lahko vektorski
ohranitveni zakon uporabimo tudi v prisotnosti prepognjenih verig [53].
Na koncu smo preučevali novo razvit tenzorski ohranitveni zakon, ki veri-
gam ne pripiše smeri in je zato primernejši za opis prepognjenih verig [111].
Naše simulacije so dale prve dokaze pojavov, ki so posledica tenzorskega
ohranitvenega zakona.
V nadaljnjem delu bomo nadaljevali z raziskovanjem kontinuumskega
opisa dinamike tekočin na nanoskali. Eden od naših ciljev je izboljšanje
izraza za koeficient upora sfere v tekočini tako, da bo dal boljšo napoved
pri večjih Reynodsovih številih in zdrsnih dolžinah. Zanima nas tudi di-
namika in simulacija več sferičnih molekul v tekočini. Eden naših glavnih
ciljev pa je združitev kontinuumskih simulacij s simulacijami md tako, da
lahko obe simulaciji izvajamo hkrati, pri čemer poteka komunikacija med
njima nemoteno. Za dosego tega cilja pa moramo najprej dobro razumeti






cfd computational fluid dynamics
ns Navier-Stokes
bc boundary condition
pbc periodic boundary condition
nbc Navier boundary condition
mc Monte Carlo
rdf radial distribution function
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